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Abstract 

In this article we consider rough differential equations (RDEs) driven by non-geometric rough paths, 
using the concept of branched rough paths introduced in | GublO|. We first show that branched rough 
paths can equivalently be defined as 7-Holder continuous paths in some Lie group, akin to geometric 
rough paths. We then show that every branched rough path can be encoded in a geometric rough path. 
More precisely, for every branched rough path X lying above a path X, there exists a geometric rough 
path X lying above an extended path X, such that X contains all the information of X. As a corollary 
of this result, we show that every RDE driven by a non-geometric rough path X can be rewritten as an 
extended RDE driven by a geometric rough path X. One could think of this as a generalisation of the 
Ito-Stratonovich correction formula. 



1 Introduction 

The so-called controlled differential equations have become an important class of dynamical systems 
throughout the last half century, the most notable example being the Ito diffusions. Roughly speaking, 
these systems take the form 

= ^ /.radX,' , Yo^^, (1.1) 

i 

where X and Y are paths in vector spaces V and U respectively, with X = (AT') and Xq = 0, and 
where the vector fields fi -.U ^ U are smooth non-linear functions. For simplicity, we will always 
assume that V and U are finite dimensional, with y = M'' and U = W^. 

For a path X of bounded variation, the notion of a solution is unambiguously defined using any 
variant of Riemann-sum style integration. However, for a less regular X this isn't always the case. 
For example, let A be a sample path of Brownian motion in W^, which is (almost surely) 7-Holder 
continuous, for every 7 < 1/2. It is clear that the solution Y depends on how one interprets the 
integral in In particular, both Ito and Stratonovich integrals provide two distinct notions of 

a solution. Another way of looking at it is that there is something missing from \\.\\ , namely, the 
blueprint of how to construct integrals against dX. The theory of rough paths, first introduced by 
T. Lyons in | Lyo98) , provides an elegant way of encoding this missing ingredient. 



Instead of viewing as an equation controlled by A, one should recast it (formally speaking) 
as 

dYt^Y.f-^^i'^'^^t, ^o=C, (1-2) 



Introduction 



2 



an equation controlled by a path X, known as a rough path, that is an extension of X, taking values in 
a much bigger (non-linear) space. The equation ( |1.2| i is known as a rough differential equation (RDE). 
The extra components of X provide the necessary information on how to interpret those integrals 
encountered in controlled differential equations, hence they provide the information that was missing 
in ( |l.l| i. This interpretation has proved extremely useful in the framework of Ito diffusions, most 
notably in illustrating the continuity properties of the Ito map. 

However, when the driving path X has Holder regularity 7 < 1/3, one must impose an extra 
condition to ensure that equations like ( |l.l| i can still be treated in the framework of rough paths. 
Namely, the integrals in ( |l.l| i must obey "the usual rules of calculus" in that, like Stratonovich 
integrals, they must satisfy the ordinary chain-rule and integration by parts formulae, without any 
correction terms. This framework has been used, for example, in the analysis of equations driven by 
fractional Brownian motion with Hurst parameter H > 1/4 [ |CQ02| iFVTOal ICHLT 1 2l . 

In certain situations, the geometric framework is not an appropriate model for a stochastic system. 
For example, in some financial models, an Ito type integral is more appropriate than Stratonovich, 
since the latter scheme requires one to "look into the future". More generally, it is often the case that 
natural approximations to stochastic integrals do not converge to objects for which the usual change 
of variables formula holds. Indeed, discrete approximations to an integral do not in general have 
any reason to satisfy the integration by parts formula exactly. While the resulting error term would 
vanish when integrating smooth functions against each other, this does not always happen in the 
stochastic case where integrands and integrators are typically very rough. The most famous example 
of this is of course the Ito integral, however the phenomenon is also widespread in the world of non 
semi-martingales |BM96 EROO GNRV05 BS10|. Thus, the limiting objects from discretisation 
schemes are often «o«-geometric. Recently, M. Gubinelli introduced the notion of a branched rough 
path, which is an extension of the original formulation, created to extend the scope of rough path 
theory to such non-geometric situations BGublOl . 

As we will see below, this extension does actually not alter the fundamental theory of rough paths 
at all, but merely requires that some additional components be added to the rough path X. Indeed, the 



main result of this article. Theorem 1.8 below, shows that the solution to a differential equation driven 
by a branched rough path can always be recovered as the solution to a (usually different) differential 
equation driven by a geometric rough path. Before introducing branched rough paths, we will first 
give an overview of how geometric rough paths are used to solve controlled differential equations. 

1.1 Geometric rough paths 

The missing ingredients contained in the rough path X can be interpreted as the iterated integrals of 
X. If X takes values in V, then X takes values in (the dual of) the truncated tensor product algebra 

T'^^\V) ^VqV^^® ■■■(!) V^^ , 

where is the largest integer such that A^7 < 1. The lowest order components, are simply the 
components of X, in that 

{Xt,e,)^Xl , 

for i — 1 . . .d, where is the i-th basis vector of V. The higher order components are (formally) 
given by the iterated integrals 

(Xt, e,,...,„) = [ ... r dXl\ . . . dXll , (1.3) 
Jo Jo 
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for ii, . . . ,in — 1 . . .d, where we use the shorthand e^^.i,^ = e^^ (Xi • • • (8 Ci^. Of course, this is 
only defined formally since the above integrals cannot be constructed for an arbitrary X. Hence, one 
should think that a given rough path X defines the integral on the right hand side of ( |1.3[ ). 
The concept of satisfying the "usual rules of calculus" is encapsulated by requiring that 

(Xt,eii...i„)(Xt,eji...j„J = {Xt,ei^,,,i^ Wej^...j^) , (1.4) 

for all tensors e^^ . i,,, ei^,,,i„ and where LU denotes the shuffle product IIReu93l . For example, we 
have that 

{Xt,ei){Xt,ej) = {Xt,eij) + (S.t,eji) , 

which, by substituting ( |1.3| l, gives the usual integration by parts formula. Hence, one should think of 
(|1.4|i as a generalisation of the integration by parts formula to higher order iterated integrals. 



Remark 1.2. It is well known that when X is smooth and the rough path X is constructed canonically 
using Riemann integrals, then the identity (|1.4|) is always satisfied l,Che77J . 



Of course, for a fixed t, the object Xt cannot be any element of the truncated tensor product 
algebra. Instead, Xj lives in a special subset, which happens to be a Lie group, denoted by G^^\V), 
called the step-iV/ree nilpotent group. This is defined by 

where Q'^^^iV) is the step-A^/ree Lie algebra generated by V . The group G''^\V) can equally be 
defined as the (truncated) group-like elements or characters with respect to the shuffle product, which 
ensures \\.A\ . These algebraic ideas will be made concise in Section]?] 

When solving controlled differential equations, it is often more convenient to work with the 

def 

increment 6Xst — Xt — X^ instead of the path Xf. The same is true of rough paths, hence we define 

X.t =X;i(»Xt , 

where Xj^ denotes the group inverse of X^. This yields the foHowing definition, which is equivalent 
to the one given in |Lyo98[lFVT0bl : 

Definition 1.3. A geometric rough path of regularity 7 is a map X : [0,r] x [0,r] — > T*{V) 
satisfying the following three conditions 

1. {Xst,xlLiy) = (X,t,a;)(X^t,?/),forevery a;,y e T(T/), 

2. Xst — Xgu ® Xut, 

3. supg_^j| (Xst, w) |/|i — s|'''l"'l < 00, for every w € T(V) with |it;| < N, where |r| denotes the 
length of the word w. 

In particular, it has been known since the works of Chen IIChe77l that if X is a smooth path, then 
the quantities given by 



(X,t,e,,...,„) = J ...J dXl\...dXll , 
do indeed satisfy the two algebraic relations given in the above definition. 
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To solve the RDE we adopt the idea of controlled rough paths, introduced in ||Gub04| ; 
the key observation is that Y is locally controlled by the rough path X. We will illustrate this by 
assuming that 1/4 < 7 < 1/3, so that = 3. As usual, we assume that V = M"*, U — R^ and that 
f{Y)dX = MY)dX\ where the vector fields /, : ^ are smooth. We will denote by 

/" the a-th coordinate of the vector field fi. Then ( |l.l| i can be written in the integral form 

SYst = ^ MYy)dXl , (1.5) 

where we omit the sum notation. If we perform a Taylor expansion of fi around Yg and repeatedly 
substitute ( |1.5| l back in to itself, then we formally obtain 

SY,t « MY,) f dXl + fp(Ys)d"'UYs) f r dXi^dXl^ (1.6) 

J s J s J s 

/t pV2 pVi 
j j dX^JXi^dXl 



S J S 

' ~ ' ' dXL 1 dXl 



where the error is of order \t — s\'^'^ and hence o{\t — s\) for |i — s| ^ 1. Now, all of the above 
integrals are components of X^f. For instance, 

*dX; = (X,„e,) , J' J\xiJXl^={X,ue,..) 

ft pV2 pVi 



/I ^1)2 rvi 
J j dX'^^dXl^dXl^^{X,uekj^) 



The non-trivial term must be understood using the shuffle product. Indeed, the identity \IA\ guarantees 
that 

dX^M [j dXi\ = (X,^, efe)(X,*, e,) = {Xsu e, m e,) 
— (Xst,efcj) + {Xst,ejk) , 



and hence we define 



^ ^ ' dX^;^ ^ ' dXi^^ dXl^ = (X,t, efcj,) + {Xsu e,fc,) - (1.7) 
It should then be clear that Y looks locally like X, in the sense that 

5Yst^ J2 -F^e,,....„(n)(X,t,e,,...,J , 

where we sum over all basis elements e^^ ..^^ G T^^\V) and where F^-^ : W ^ W are the 
coefficients from \\.6\ . One then constructs Y over all of [0, T] by sewing together the increments 
Yt — Ys over small intervals. 
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1.4 Non-geometric rough paths 

Whereas a geometric rough path Uves in a tensor product algebra generated by = W\ a branched 
rough path Uves in the Hopf algebra generated by the set of rooted, labelled trees T with vertex 
decorations from the set {1, ... , d}. This space is known as the Connes-Kreimer Hopf algebra and 
was famously used in IICK981 in the context of renormalization theory. In general, a Hopf algebra 
consists of a vector space T-L, equipped with a product • and a coproduct A, see the standard textbook 
IISwe69J . As an algebra, T-L will simply be the set of abstract polynomials, where we consider the 
elements of T as commuting indeterminates. The product • is then the usual (commutative) product 
between polynomials and the basis elements for the vector space T-L are simply all monomials in the 
indeterminates from T. We will frequently omit the product • from the notation, for instance writing 
xy for the product of x and y. The coproduct A is the dual of a more interesting product -k, also 
known as the convolution product. Much like the deconcatenation coproduct describes all ways of 
cutting apart a tensor, the coproduct A describes all ways of cutting apart a tree. For an introduction 
to Hopf algebras aimed towards the Connes-Kreimer algebra, see the monograph MMan04L 
The following is a slight rewriting of the definition given in IGublOl : 

Definition 1.5. A branched rough path of regularity 7 is a map X : [0, T] x [0, T] — > T-L* satisfying 
the following three conditions 

1. {Xst,xy) ^ {Xst,x){Xst,y) , foieveiy x.y en . 

2. X,t = X,„ * X^t or equivalently (X,*, h) = E^i^su, h^''>) (X„t, h^^>) , 
where Ah = J^^^^ h^^^ » h^^K 

3. sup,^,|(X,t,r)|/|t-srl-l <oo, 

for every t E H with |t| < N, where |r| counts the number of vertices in t. 

Remark 1.6. Here, we used the notation (g) for elements in the tensor product of H with itself The 
reason for not using the standard notation (g) is because the latter will be reserved for the tensor 
product within the tensor algebra built over some vector space, as in Section]?] 

Condition 1 confirms that the polynomial product plays the role of the shuffle product in H. 
That is, it picks out some object xy so that {X,xy) — {X,x){X,y). The fact that this product 
is commutative in both theories is a reflection of the fact that the usual product between smooth 
functions is commutative. Condition 2 is a natural requirement of any iterated integral. Indeed, no 
matter how one defines an integral, it should always be linear with respect to the integrand, and satisfy 
^ — + Ju- Condition 2 encapsulates this identity in our context, if we interpret the components 
of X in the way described below. Condition 3 reflects the fact that the integral (X^f , r) should be |r| 
times as regular as the underlying path X; it is a purely analytic condition, as opposed to the first two 
purely algebraic conditions. 

We will now illustrate the definition with the example of 7 e (1/4, 1/3]. Here, we would have 




and / / / dX^^dXiJXl^^iXsui') , 

J s J s J s 

as well as the branched object 
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In general, components of X should be interpreted as in Remark 2.6 below. Essentially, every node 
corresponds to one integration, with each incoming branch denoting a factor of the integrand. 

In the above example, the only additional objects in our non-geometric rough path are the 
components corresponding to V . Contrary to the case of geometric rough paths, we cannot use the 
integration by parts formula to simplify these further. As N increases (or 7 decreases), a branched 
rough path becomes much larger than a geometric rough path. For t = 11, Condition (3) becomes 
the familiar identity for the Levy area 



(X,t,I-) = (X3„,I0 + (X„t,I^> + (X 
or in the language of the coproduct 

aI' = Ii(g)i + i®I' 



Let us again consider the solution to ( |L1| |, now driven by a branched rough path X with 1/4 < 7 < 
1/3. From ( |1.6| l, we would have 

Yt-Ys^J2fr(Ys){Xsur) (1.8) 

r 

where we sum over all r G T3, or in the case of arbitrary 7, all r e T/v, the set of t e T with 
|t| < N. Hence, the idea of viewing the solution to ( |l.l| i as an object that locally "looks like" X 
carries through nicely to the framework of non-geometric rough paths. The coefficients are known 
as the Butcher coefficients, in honour of J. Butcher who was the first to represent solutions to ODEs 
as a series indexed by trees, which turned out to be a very fruitful approach to the development of 
numerical methods for the solutions to ODEs MBut72l IHW741 ICH V 101 . 

1.7 Converting non-geometric to geometric 

The main objective of the article is to provide a translation between branched rough paths and 
geometric rough paths. The first step is to rephrase branched rough paths in the language of geometric 
rough paths. For a geometric rough path, Chen's property is not a definition, but is a corollary from 
the definition Xgt = X^^ (g) Xt. However, for a branched rough path, this is considered part of 
the definition. We will show that a branched rough path can equivalently be defined as a a path 
X : [0, T] — > Gat, where (Gat, ★) is the (truncated) Lie group of characters in the Connes-Kreimer 
Hopf algebra, satisfying 

{9, xy) = {g, x) {g, y) , 

for all X, ?/ e T-L. This allows us to define X<;t = X^^ ★ X^ and hence guarantee Chen's property 
from the definition. The Lie group {Gn , *) bears great similiarity to the step N free nilpotent group, 
since it is the truncated set of characters in H, and the step N free nilpotent group is the truncated 
set of characters in the tensor product algebra T(V). Moreover, one obtains Gat as the exp^ of the 
Lie algebra of so-called primitive elements, where exp^ is simply the tensor exponential, with tensor 
products replaced with -k products. 

Unsurprisingly, it is easy to show that a geometric rough path is a type of branched rough path. 
The main result of the article provides a surprising converse statement, namely that every branched 
rough path over a path can be encoded in a geometric rough path. More precisely, for any branched 
rough path X above X there exists a geometric rough path X above X, where X is an extension of X 
and X contains all the information held in X. 
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The path X will take values in Bjv, where we define B„ as the real vector space spanned by the 
set Tn- Clearly, one can think of X as taking values in 

Bi = span{.i ■.i = l...d}^W^ . 

Under this interpretation, X is an extension of X in the sense that ttb^ {X) = X, where iry denotes 
projection onto V. The geometric rough path X lives in the truncated tensor product space 

T^^\Bn) = span{Ti (g) • • • «) t„ : G 71v and 1 < n < A/'} . 

Thus, since r is a basis vector of the underlying vector space Bn, the object (X^t, r) will actually 
denote a path component of X, in that 

{%ut)=8X:, , 

for all r e 7jv, as opposed to the original (Xgt, r) which must be interpreted as a integral component, 
indexed by the tree r. Moreover, the tensor components must be interpreted as the iterated integrals 

...J dxii...dxii. 

We will prove the following result. As always, 7 e (0, 1) and N is the largest integer such that 
iV7 < 1. 

Theorem 1.8. Let X = be a path in M*^ and X a 'y-Holder branched rough path in H 

such that {Xst, "i) = SXl^. Then there exists 

1. a path X = {X'^)T-eTN taking values in Bn, with ttb^CX) = X , 

2. a ^-Holder geometric rough path X in T^^\Bn) satisfying (X^t, r) = SX^ffor each r e Tn 
and 

3. a graded morphism of Hopf algebras ip -.H ^ T{Bn) , 
such that 

{X,t,h) = {X,t,^ih)) , (1.9) 

for every h & H. 

Before adding a few remarks, we will illustrate the result with the first non-trivial example. 

Example 1.9. Consider the case where X G K'^ with Holder exponent 1/3 < 7 < 1/2, so that 

N = 2. The important components of the branched rough path X above X are (X, •j) and (X, I^- ), 
for alH, j, /c = 1 . . . d. The theorem tells us that there exists a path 

X = {X*\X Oi,j,fe=l...d 

where X** = X^ for alH = 1.. .d and moreover there exists a geometric rough path X above X. 
Since ^ 

B2 = span{»i, 5^- ■.i,j,k = l...d}, 
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we can see that X is defined on the (truncated) tenor product space B2 ® Bf^. The map ip tells us how 
to write X in terms of X, for instance we have ip(»i) — •i and ipii^) — •j ® + 4j and therefore 

(Xst,»,;> = (Xs4,»i) and (X^t,*^) = (Xst,*-,- 



Or in the more formal language 



5X1, =5X11 and / f \xiJXl^ ^ f f ' dX'.^^dX'^i + SX^l , (1.10) 

J s J s J s J s 

for all i,j,k = 1 . . .d. Note that even though X^ = X*', the integrals defined on the left hand and 
right hand side of the second equality in ( |1.10[ ) are different, since the one on the left is defined by X 
and the one on the right is defined by X. 

This result relies on the Lyons- Victoir extension theorem of IILV071 . which shows that every 
7-Holder path in a quotient of the free nilpotent group G^^\V) can be extended to a 7-Holder path 
in G^^\V). Since the extension theorem of IILCL07I is non-unique, the path X is also non-unique. 
Moreover, there is a great deal of redundancy in X, since it has many more components than X, 
however, this is the most convenient way to build a geometric rough path containing all the information 
of X. The map ^/j describes how the components of X should be split up amongst the components of 
the tensor product algebra T^^\Bn)- As we shall see, the fact that ijj is a Hopf algebra morphism is 
crucial not only when obtaining X, but also when applying (|1.9|) further down the line. 



The main motivation behind Theorem 1.8 is that it allows us to rewrite an expression controlled 
by a branched rough path as an expression controlled by a geometric rough path. In particular, we can 
use this to show that every RDE driven by a branched rough path can be rewritten as another RDE 
driven by a geometric rough path. 

Theorem 1.10 (Generalised Ito-Stratonovich correct ion) . Let Y solve ( |l.l| l, driven by a branched 



rough path X. Let X and X be as defined in Theorem 1.8 Then Y is also a solution to 



dYt^ > , fr{Yt)dXl , (1.11) 



reTf 



driven by the geometric rough path X, where the vector fields fr are defined by p.l2[ ) with /, . ~ fi 
( and can be seen, for example in (|1.8|l ). 



Example 1.11. Returning back to the l/4<7<l/3 example, if Y solves \\.\\ driven by some X 
then we also have 

dYt = MYt)dX:^ +(ftd''fj)(Yt)dX^'' +(f^d''f^d^f,)(Yt)dX^'^ 



\(f^f^d^d^f,)iYt)dx*^^' 



driven by the geometric rough path X found in Theorem 1.8 where we sum over all z, j, A; = 1 . . . d 



- V' - v° 

and a, 13 = 1 . . . e, noting that X = X . Even though X*^ — X*, one must distinguish 
between fi(Yt)dXl and fi(Yt)dX*\ since the former is driven by X and the latter is driven by X. 
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Remark 1.12. Although we call this a generalised Ito-Stratonovich correction, it is really more like 
a "Any non-geometric integral"-"Particular class of geometric integral" correction. However, we are 
quite justified in giving it this name. Suppose X was a non semi-martingale path for which there 
exists a branched rough path X above it and also some kind of "Stratonovich" rough path X*^' above 
it, fractional Brownian motion with Hur st parameter H > 1/4 being a good example ]CQ02| |. As 



will be clear in the proof of Theorem 1.8 we can actually choose X such that the components above 
X are given by X*^' (or indeed any geometric rough path above X). Hence, the formula can tell us 
what correction we get if we take an RDE driven by X and rewrite it using "Stratonovich" integrals, 
just as in the usual Ito-Stratonovich correction formula. 

The outline of the article is as follows. In Section [2] we define the algebraic concepts underlying 
branched rough paths, including the Connes-Kreimer Hopf algebra. We then provide a definition of 
branched rough paths, equivalent to that given in QGublOI . that is more in line with the concept of a 
geometric rough path. In Section[3] we define solutions to RDEs driven by branched rough paths, via 
the idea of controlled rough paths. In Section |4j we first recall the definition of a geometric rough 
path. We then show that geometric rough paths fit easily in to the framework of branched rough paths, 
before providing a proof of Theorem |l. 8 1 In Section|5] we discuss the special case of RDEs driven by 
geometric rough paths, before proving the generalised Ito-Stratonovich correction formula. 
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2 Hopf algebras and branched rough paths 
2.1 The Connes-Kreimer Hopf algebra 

Let T be the set of all rooted trees with finitely many vertices, whose vertices are decorated by labels 
from the alphabet {I, . . . ,d}. Every element in T can be constructed recursively by attaching a 
collection of trees (of lower order) to a new root. For example, the set of (undecorated) trees with 
three vertices or less is given by 

r3 = {.,:,!, V}. 

We can then construct all single vertex trees by attaching the empty tree 1 to a new root. We denote 
this by 

[l]a 

for any a from the alphabet. All trees of two vertices can be constructed by attaching these trees to a 
new root 

[. "]6 = X ^ 

For the trees of three vertices, we similarly have 

[ = II 

The remaining tree in Ts is obtained by attaching a pair of single vertex trees to a root 
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Indeed, every element in T can be written recursively as 

[riT2 . . . T„]a , (2.1) 

for some smaller trees ri, . . . , € T U {1} and some a from the alphabet. We will always as- 
sume that the order of the branches in each tree does not matter, in the sense that [ri . . . r„]i = 
[To-(i) . . . Tcr(n)]i for all permutations ct of {1, . . . , n}. For each [n . . . r„]j, only one such representa- 
tion appears in the set T. 

Remark 2.2. In the rough path setting, rearranging branches in a tree corresponds to rearranging 
real- valued factors in an integrand. Hence, this is quite a natural assumption to make. 

The Connes-Kreimer Hopf algebra (H, ■, A, S) is the commutative polynomial algebra generated 
by the variables T, equipped with a coproduct A : H ^ H^H and an antipode 5 : "H — > "H. 
Alternatively, we can view the set Has a real vector space whose basis is the commutative monoid 
U { 1 } where T is given by 

^ = {ri . . e r, n e N+} . 

Each monomial ri . . . r„ can be thought of as an unordered forest, since the polynomial product is 
commutative. Hence, a typical element of H is for example 

li +6.3:u^/2.3%?^ 

Remark 2.3. We could equally construct the Connes-Kreimer Hopf algebra HiA), using any count- 
able alphabet A in place of {1, ... ,d}. However, since {1, . . . , d} this is the most commonly used 
choice, we reserve the notation H for this particular alphabet. 

The coproduct A is defined recursively. We first set Al = 1 (g) 1, then for any [n . . . Tm]a S T 
we set 

A[Ti...T„L = [Ti...r„]„®l+ Yl (^r---0^[^P---^m]a, (2.2) 

(i"i)...(Tto) 

where we use the Sweedler notation Ax = J2(x) ^ ^ the sequel, we will often omit the 

summation sign and simply write Ax = .t*^' (E) tP\ We then extend A to all polynomials by requiring 
that it be linear and also a morphism with respect to polynomial multiplication, that is 

A(ti . . . t„) = Ati . . . At„ , 

for every Tj S T. It is often useful to consider the reduced coproduct A' defined by A'x = 
Ax — l^x — x^l. In any coalgebra, the coproduct is required to be coassociative, which means 
that 

(A®ld)A ^ (Id® A) A . 

One can check that this is true for both the coproduct and the reduced coproduct described above. 

Remark 2.4. It is natural to ask why one needs to consider polynomials of T rather than just the 
set of trees. Indeed, for non-geometric rough paths, the trees are the important ingredients when 
solving an RDE. The reason we require polynomials is that we would like to define a rough path as a 
functional on some algebra, and this algebra must be big enough to include an element xy such that 

(X,x)(X,|/) = (X,xy). 

This, in particular, allows us to write Chen's property as a fundamental operation on the algebra "H, 
described by the coproduct A, rather than just an identity on the tree indexed components of X. 
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Remark 2.5. Let B be the vector space spanned by the set of trees T. This is clearly a subspace of 
H. Then the tensor product algebra T(]R'') can easily be identified with the subspace of B, and hence 
7i, spanned by the linear trees. This is achieved by identifying 

ea ® et = I b , Ca Ig) Cb (g) Be = i ^ , 

and so forth, for any a,b,c = 1 . . .d. In the sequel, we will refer to this identification via the inclusion 
map L : T{M.'^) — > H. In light of this, we should think of the Hopf algebra H as being an extension 
of the tensor product algebra over the same index set. As discussed in the introduction, the extra 
branched objects are required to encode a non-trivial product that cannot be described by objects in 
the tensor product algebra alone. 

Remark 2.6. The definition ( |2.2| l is indeed quite a natural one. If X were a smooth path in M"* then 
we could build the branched rough path X canonically, by setting 

{Xst,") = SXlt and (X,4, [n . . .t„],) = ^ (X,,,ri) . . . (X,,,r„)dX; . 
Using the properties of a path integral, namely, linearity with respect to the integrand and the adjacent 

Xi pu, pi 

^ = + J one can recursively show that 

(Xsf , [ti . . . Tn]i) = {Xsu, [ti . . ■ Tn]i) 

+ Yl ((X.„,r™).--(X.„,Tii))) r(X„,,rf>)...(X„,,Tf)dX; 

(ri)...(r„) 

or in other words, 

{Xst, [ti . . . T„]J = (X^,, (g)X„t, A[ti . . . r„]i) , (2.3) 

with A satisfying ( |2.2| i. Hence, ( |2.3| ) is an extension of Chen's property to more complicated looking 
integrals. 

Remark 2.7. When restricted to linear trees (or tensor products), the coproduct A is known as 
deconcatenation, since it decomposes tensors into subtensors that can be concatenated in to the 
original expression. There is a similar interpretation for A on all of T-L, which is described by cuts of 
a tree. We will say that the pair (ti . . . r,„) ® tq is an admissible cut of r S T, if one can obtain r by 
attaching the trees ti, . . . , to the nodes of tq. We then have the interpretation 

Ar = ^rW0r'2), 

(T) 

where we sum over all admissible cuts (i) r^, with and playing the roles of (ti . . . t„i) and tq 
respectively. For example, we have that 

AV =1®%?'' +(«a,6 )(§),c +,a (g)Ic +,b (g)Ic + . 

In particular, we always have that At — 1iS)t + t^1 + t^(E)t'^, where for each term ig) e 
®T, we have that |t^| + |t^| = |t|, recalling that | • | simply counts the number of vertices in a 
forest or tree. This observation will be crucial in the sequel. 
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Remark 2.8. Recall that, although both (g) and (g) are tensor products, we reserve the former for the 
product in the tensor product algebra T(V) and the latter simply to discriminate between the left and 
the right part of a coproduct. If x,y are two elements in some algebra and /, g are two maps on that 
algebra, then we use the convention (/ (g) g)(x ^y) — f{x) g) giy). 

In any Hopf algebra, the antipode S -.H ^ Hisa morphism of bialgebras satisfying 
Af(Id (g S)Ax = M(S (g Id) Aa; = x , 
for any x E H, where M is the multiplication map AI {x®y) = xy. The existence of an antipode for 



% follows from standard results for bialgebras, as detailed in Remark 2.9 For the Connes-Kreimer 
Hopf algebra the antipode has been explicitly constructed in I1CK981 . For the reader who is unfamiliar 
with Hopf algebras, the role of the antipode will become clear in the next subsection. 

Remark 2.9. It is well known that if a bialgebra is irreducible as a coalgebra, then it is a Hopf 
algebra IISwe69l Theorem 9.2.2]. Irreducibility simply means that every two subcoalgebras have a 
non-empty intersection. This is guaranteed for any graded bialgebra, whose zeroth component is the 
field. Moreover, if a bialgebra has an antipode, then it is unique fDNROll. Once we have defined the 
grading, this will clearly be the case for the Connes-Kreimer Hopf algebra. 

The Hopf algebra {H,-,A,S) gives rise to a dual Hopf algebra {H* 6, S*). Since "H is a 
countable vector space, the elements in H* can be identified with formal series of elements in 
H. In particular, we identify elements in the basis T with elements in H* by the natural pairing 
(o'i,cr2) — l(o'i=f2) for (Ti,a2 G J-. The co-unit 1 G "H* is the map satisfying (1, 1) = 1 and 
(1, Ti . . . T,i) = for all Ti . . . T„ e J". 

Remark 2.10. In the sequel, our notation does not distinguish between the unit and the co-unit, nor 
the basis T and its dual elements J'* (and likewise T and T*). However, it will always be clear from 
the context which we are referring to. 

The product * : H* (g H* -> H*, often referred to as convolution, is the dual of A, that is 

{hi-kh2,x) = {hi'g)h2,Ax) = ^{hi,x'^){h2,x^) , 

(x) 

for any /ii,/i2 G "H* and x E H. It follows from the properties of the coproduct A (namely, 
coassociativity) that * provides H* with an associative algebra structure. Let T* denote those 
elements in H* that correspond to dual elements of T- Then for ti,T2 € T*, the product ri ★ T2 can 
be interpreted as attaching ri to T2 . In particular, we have that 

Tl ★ T2 = TlT2 + Tl *f T2 , (2.4) 

where ti T2 is the sum of all trees in T* obtained by growing ti from a vertex of T2. For example. 

This is often referred to as the Grossman-Larson product, and was first discussed in IIGL89I . The 
antipode S plays the role of an inverse with respect to ★ in the space H*, this will become clear 
in the next subsection. The dual coproduct 6 : H* — > H* (g H* is likewise the dual of polynomial 
multiplication 

{ST,x(E)y) = {T,xy) . 
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Just as above, this endows %* with a coassociative coalgebra structure and it is a nice exercise to 
check that 5 is a morphism with respect to as every coproduct should be. 

The trees T give rise to a natural grading on T-L. For each t E T,v/e define |t| to be the number 
of vertices in r. We extend | • | to products by 

|ti . . .r„| = |ti| H h |t„| , 

for any e T- If we let J^^k) denote the set of ri . . . r„j e T with \ti . . .Tm\ — k and H(k) denote 
the real vector space spanned by J^(k), with 'H(O) = K, then we clearly have 

oo 
k=0 

SO that I • I turns H into a graded Hopf algebra. We will also make use of the truncated algebra 

n 

n n — 

*:=0 

and its basis elements Tn, containing all m G with |m| < n. Keeping in line with this notation, we 
also define T(n) as the set of r e T with |r| = n and T,i as the set of r S T with |t| < n. Likewise, 
we denote by B, Bn and S(„) the real vector spaces spanned by T, Tn and 7(n), respectively. 

2.11 Group-like and primitive elements 

We will denote by HomCH, K) those elements mT-L* that are also homomorphisms with respect to 
polynomial multiplication •, that is, h E HomCH, M) if and only if 

{h,xy) = {h,x){h,y) . (2.5) 

These are also known as the characters of T-L. It is easy to check that Hom(7^, M) can be identified 
with the group-like elements, defined by 

G{n) = {gEn* -.Sg^g^g} . 

In particular, the equality \2.5) holds if and only if 

{5h,x®y) ~ {h,xy) = {h,x){h,y) ~ {h®h,x®y) , 

for all x,y E H. The reason G{T-L) is called the set of group-like elements is because it is indeed a 
group. For the Connes-Kreimer Hopf algebra, this is often referred to as the Butcher group liHW74]| . 

Proposition 2.12. The pair (GCH), *) is a group with inverses given by g^^ = S* g, where S* is the 
adjoint of the antipode. 

Proof. Standard result for Hopf algebras and an easy exercise. □ 

The group property of Hom{H , R) is one of the main motivations behind Hopf algebras and in 
particular explains the role of the antipode. Indeed, the concept of a Hopf algebra is often introduced 
as the linearisation of a group. 

If we were to replace H with the tensor product space T(V) over the vector space V — M'*, then 
we could equivalently characterise each group-like elements as the exponential of a Lie polynomial 
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||Reu93l Theorem 1.4]. Remarkably, the same construction works in this setting too. We define the 
bracket [•, -.H* xH* ^H* by 

[x,yU ^ x-ky - y-kx , (2.6) 

which one can easily check is a Lie bracket. We define the set of (5-primitives as 

P(U) = {heH* ■.Sh = l(g)h + h^l} , (2.7) 

where 1 is the co-unit inH*. In the context of Lie algebras, this condition is often stated as 

{h, xy) = (1, x) (/i, y) + {h,x){l, y) and the elements are known as derivations. As suggested by 

the notation, P{T-L) is a Lie algebra with respect to [•, •]* and has a very natural basis in 'H*. 

Proposition 2.13. The set P(l-L) is a Lie algebra with bracket [•, -J^^ and moreover 

P(U) = B , 

where B is the real vector space spanned by the dual trees T*. 

Proof. It is easy to check that P(H) is a Lie algebra. To check that P{H) — B, first let t E T*, then 
by definition 

St ^ ^ {t,xiX2)xi'^X2 , 

where = FiJ {1} and where we identify xi ® X2 with the corresponding element in Ti* ® H* . 
But clearly, (r, X1X2) — unless = 1 or 2:2 = 1 (but not both). It follows that 

St = ^ {t,xi){xi(E)1 + 1(E)Xi) ^T(E)1 + 1(E)T , 

and hence B C P{H). To prove the reverse statement, suppose h E PiH) and that 

h = u + V , 

where u E B and v E B^, which is the vector space spanned by 1 and all non-trivial products 
ri . . . r„ e F* with n > 2. Since u E PCH), it follows that v = h-u E Piji). Thus, 

1®V + V®1 = 5v = {v,l)l®l + ^ {v,Ti . . .Tn)S(Ti . . .Tn) , 

ri...r„ 

where we only sum over those ti . . . r„ E J-* with n > 2. By definition of 5{ti . . . r„), this equals 

(W, 1)1 (g) 1 -I- ^ (W, Ti . . . r„) ^ T,^ ...Ti^^ Tj^ . . . Tj^ , (2.8) 

where we sum over all subsets {ii, . . . ,ip}, {ji, ■ . ■ ,jq} of {1, . . . ,n}. However, each term 
T^ii . . . Tip (g) Tj-^ . . . Tj^ (with p,q 0) can only appear once in the expression p.8| l, hence there 
can be no cancellations. Since these terms (as well as 1 (g) 1) are basis elements of H* (i) H*, we 
must have that {v, 1) = and (1;, ti . . . t„) = for all ti . . . t„ E F with n > 2. It follows that 
P{H) CB. □ 
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Let f) be the space of all h G H* with {h, 1) = and let = 1 + (]. Just as in the tensor product 
algebra case, the spaces t) and H are diffeomorphic via the exponential map exp^ : f) — > given by 

fc>0 

where h*'^ = h* h*^''^^\ Likewise we can define its inverse, the logarithmic map by 



log,(l + /i) = 5](-l)'=^i^ 



fc>i 

for any 1 + h E H. See |I Man04ll for further details. This allows us to classify the group-like elements 
as being the exponential of a Lie element. 

Proposition 2.14. For any g £ f), we have that g e GCH) if and only if g — exp^ h for some 
h G P(n). 

Proof. The proof is identical to the tensor product algebra case l|Reu93l Theorem 3.2]. □ 
2.15 Branched rough paths 

We define the truncated group-like elements Gn{%), obtained from G{%) by quotienting out the 
ideal 

oo 

k=N+l 

hence we identify all elements ri . . . t„ G F* such that |ti . . . r„| > + 1, with zero. From 
Proposition 2.14 it follows that GnCH) is diffeomorphic to the real vector space Tn and is therefore 
a Lie group. This Lie group plays precisely the same role as the step N free nilpotent group in the 
geometric theory of rough paths. Indeed, the definition for branched rough paths follows naturally 
from that of geometric rough paths. 

Let X — (X*) be a path in M'' with Holder regularity 7 G (0, 1). As always, we reserve the 
symbol N for the largest integer such that Nj < 1. 

Definition 2.16. A map X : [0, T] — > Gm(H) is called a 7-H61der branched rough path if it satisfies 

sup„ — j-j- < 00 , (2.9) 

for every t G Hn and where X^t =^ Xj^ *Xi. If (X^t, •i) = 5X1^ for each i = 1 . . .d, then we call 
X a branched rough path above X. 

We see that the generalised version of Chen's property, or Condition (3) of the introduction, is 
immediate from the definition, since we have 

X,„*X„t =(X7i*XJ*(X;i*Xt) = X,t . (2.10) 

Moreover, Definition 2.16 is clearly equivalent to the original definition in IGublO l and also stated 
in the introduction. In particular. Condition 1 from the original definition can be reformulated as 
X,t G GwCH) for each s, t G [0, T]. 
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Remark 2.17. As we shall see, the solution to an RDE only depends on the increment X^j rather 
than the path Xt, hence there is no need to specify the initial value of the path Xq. 



Remark 2.18. In Definition 2.16 to justify calling X a 7-Holder path, it should satisfy d(Xs , Xj) < 
C\t ~ for some metric d. This can be achieved using homogeneous norms. For the step N free 
nilpotent group, as with any Carnot group, one can show that all "norms" that are sub-additive and 
homogeneous with respect to the natural dilation of the group are equivalent OLV07I . This does not 
quite work with GjvCH), since it is not a Carnot group with respect to the right dilation. To be precise, 
we see that 

e^(H) = exp, (^0^w) ' 

where B(k) is the vector space spanned by T(k) ■ If J/fc G B(k), then the natural dilation on GnCH) is 
given by 

exp^ (yi H h yjv) = exp^ (tyi + t^y2 H h I^Vn) ■ 

In particular, in the case of a smooth path X whose branched rough path X is given by the correspond- 
ing iterated integrals, if we multiplied X by t, then we would obtain a factor of t'"^' infront of (X, r), 
so it is clear that this is the right choice of dilation. On the other hand, the only way Gn(H) could be 
a Carnot group is if we let all of Bn have the same grade, which would lead to useless norms. The 
correct notion is to view GnCH) as a homogeneous group, as defined in IIFS82II . A homogeneous 
group G is a Lie group whose Lie algebra is graded, and hence comes with a natural dilation. A 
(non-smooth) homogeneous norm on G is then a map || • || : G — > [0, 00) that is continuous with 
respect to the manifold topology of G and satisfies the homogeneity property \\Stg\\ = \t\\\g\\, where 
St is the natural dilation of G (along with other standard conditions). It is easy to show that all 
homogeneous norms on G are equivalent. In the case of GnCH), one can show that all homogeneous 
norms are equivalent to the natural homogeneous norm 

ll5l|G„W)= E I(l08.<?,r)r/I-I. 

Moreover, it is easy to verify that the map X : [0, T] {Gn(H), \\ ■ WgnCH)) 7-Holder continuous 
if and only if condition ( |2.9| l is satisfied. We can therefore equivalently define a branched rough path 
as a 7-Holder path taking values in (GjvCH), || • WgnCH))- 

As with classical rough paths, one can show that every branched rough path X can be canonically 
extended to a 7-Holder continuous path taking values in G{H), courtesy of the sewing map IIGub04| 
|GublO|. In more generality, branched rough paths also extend the idea of an almost multiplicative 
functional, in the following way. One calls X an almost branched rough path if 

\{Xst-Xsu*Xut)\=0{\t-s\), 

for all s, t € [0, T], with |t — s| ^ 1. And moreover, we have the following 

Proposition 2.19. For every almost branched rough path X, there exists a unique branched rough 
path X of regularity 7 such that 

\{Xst-X,uT)\=o{\t-s\), 



for all s,t € [0, T] and t € Tn- 
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Proof. See QGublOl Theorem 7.7]. □ 

Although we will not explicitly use the notion of an almost branched rough path, we include the 
definition to illustrate that all of the important tools for multiplicative functionals are still present in 
the setting of branched rough paths. 

3 Controlled rough paths and solving RDEs 

In this section we recall the definition of a controlled rough path, first defined in IIGub04l and later 
extended to branched rough paths in IGublOl . We show how one can define rough integrals and 
moreover solutions to RDEs using this simple concept. 

3.1 Controlled rough paths 

A crucial step in the theory of geometric rough paths is defining the integral of a one-form along a 
geometric rough path |Lyo98 |. For a : M"^' ^ L{W^, M) and a geometric rough path X above X e W^, 
in order to define j a{X)dX one needs to impose a Lip(/3) condition on a, which states that for 
j ^l...N, there exists : R'^ L{{W^)®i ,W) such that ^ a and 

N-j 

a^{Xt) = «'+'(^.)(X^t) + R'iX,,Xt) , (3.1) 

where is the component of Xst in(K'*)'*' and the remainders W satisfy |i?-'(^,?7)| < AI\^ — ri\'^~'^. 
In particular, from the j ~ 1 case we see that 

aiXt) - aiX,) = a'+'(^.)(X;t) + RHX,,Xt) , (3.2) 

i=l 

and hence the increment of a(X) is (locally) controlled by X. The expression p.2[ ) leads directly 
to a definition of an almost multiplicative functional Y which is subsequently extended to define 
/ a{X)dX. The conditions on the higher order given in are required to ensure that Y actually 
is an almost multiplicative functional and thus prove that the map X H> / a(X)dX is continuous in 
the p-var topology. 

In the theory of controlled rough paths, the construction of integrals is more-or-less the same, 
except for that fact that one-forms are replaced with any object that satisfies a condition like p.l| i. In 
particular let X be a branched rough path above X and suppose Z : [0, T] — > M satisfies 

SZ^t^ Y Z^{Xst,h)+R^t, (3.3) 

where \Rf^\ < C\t-s\'^'' and the coefficients Z'' : [0,T] R. It is clear that the integral j'l ZrdX^ 
should be approximated by the expression 

Z,t^Z,{X,u•^)+ Z':{X,tAh]^)^ Y Z':{^st,[hh) , (3.4) 

for |t — s| ^ 1 where we denote Z^ — Zg and 7-%_'^ = Fn-i U {!}, since one would expect 



( dXl = {Xsu•^) and / {Xsr,h)dXl = {Xsu[h\i) 

s J s 
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This idea is formahsed by the sewing map. The sewing map is essentially the same as the map which 
extends an almost multiplicative functional to an (approximately equal) multiplicative functional. 

Lemma 3.2 (Sewing Map). For any Z : [0, T] x [0, T] ^ M, ;/ 

\Zst - Zsu - ~Zut\ < C\t - u\P\u - s|« , (3.5) 

for some p + q > 1, then there exists a unique remainder terms r : [0, T] x [0, T] — > M such that 
Zst + fst is the increment of a path and \rst\ = o{\t — s\). That is, there is some 1" : [0, T] — > M such 
that 

5Yst — Zst + '"'st ■ 

for all s,t ^ [0, T]. Moreover, it follows immediately that 

5Yst = lim Zuv , 

for any sequence of partitions V with mesh-size tending to zero. 

Just as in one needs conditions on the coefficients Z^' to ensure that Z defined in p.4| l 
satisfies p.5| l. The most convenient way of defining these controlled objects Z along with their 
coefficients Z^ is to consider them as one object Z : [0, T] — > Hn-i, by setting 

{l,Zt)^Zt and {h,Zt)^Zi\ 

for all h E J^n-i- In the sequel we use the notation = Tn U {1} and similarly for T^. 

Definition 3.3. Let X be a 7-H61der branched rough path. An X-controlled rough path is a path 

Z : [0,r] -Hat-i satisfying 

{h,Zt) = {Xst*h,Zs) + R'lt, (3.6) 

for each /i € where ji^JJ < C|i-s|(^-l''l>''. When (l,Zi) = Z, we say that Z is a controlled 

rough path above Z. 

Note that when h = 1 and (1, Z) = Z, the expression ( |3.6[ ) can be written 

just as suggested in ( |3.3| l. It is clear that ( |3.6| l is simply the H counterpart of the Lip(/3) condition 

Remark 3.4. We can easily adapt this to the situation in which the coefficients of the 'controlled 
object' take values in R*^ rather than R. In this case we have Z : [0, T] — )• (Hn-iT where (T-Ln~iY 
denotes the e-th cartesian power of Hn-i- Hence, the coefficients {h, Z) take values in R*^ and we 
denote the i-th component by {h, Z) ;. 

Let Z be an X-controlled rough path above Z, then we can use Z to define the integral J ZdX^, 
for any 1 < i < d. It is an easy exercise to check that the condition p.6| l ensures that 



Zst= Y {K^s){Xst,[hW 
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satisfies p.5| l. From the sewing lemma, it follows that there exists a unique remainder r with 
\fst\ — o{\t — s\) such that Zst + is the increment of a path. Naturally, this increment is chosen as 
a definition of the integral 



t 

def 



ZrdXl = Zst + Tst = lim y , (3.7) 



[u.,v]e'P 



for any partition V of [s, t]. Hence, we have defined a map which sends a controlled rough path Z 
to a path / ZdX^. This map can be extended to Z : Z n- / XdX^, where / ZdX' is a controlled 
rough path above / ZdX"^. To define / ZdX^, we simply specify {h, J ZdX'^) for all dual basis 
elements h € -T^^r-i {!}■ Firstly, we let (1, Z^dX]) be the unique (up to an additive constant) 
path satisfying 



1, / ZrdXl ) - ( 1, / ZrdXl ) = / ZrdXl , 
\ Jo 

and then define the coefficients by 



[ti ... Tnli, J ZrdXl^ (n . . . r„, Zj) 



for all [ti . . . T„]j e T/v-i with i fixed and 

Ti . . . T„, y ZfdXl^ = otherwise . 

More generally, if Z = (Z^ , . . . , Z'') where each Z* is an X-controlled rough path above Z*, then we 
can define an X-controlled rough path / Z • dX above j Z ■ dX, where Z = {Z^, . . . , Z"^). To do 
this, we set 

ft \ / rt 



with coefficients 



for all [ti . . . Tn]i e T/v-i and each 1 < i < d and 



1, y z^ • dx^^ = ^ _y 

[ri...r„L,y Zr-dXr^ = (/i,Zj) 



Ti . . .Tn, J Zr ■ dX,. ^ ^ ^ Otherwise . 

For verification that J ZdX^ satisfies p.6| l and hence actually is a controlled rough path, see BGublOl 
Theorem 8.5]. 

Remark 3.5. Since the definition of J ZdX^ depends on how we define a controlled rough path 
above Z, it makes more sense to use the controlled rough path notation J ZdX^ . 

Not only are controlled rough paths stable under the integration map, but they are also stable 
under composition by smooth functions. We will demonstrate this for a controlled rough path 
Z : [0, T] — > (Hn-i)^ and a smooth function </) : M'^ — > W. We first introduce the notation 

e 

D"cf>iu):{vi,...,v,,)= y ^"^■•■a""0(u)^;r---<" , 
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where u, Vi G M^, vf denotes the j-th component of Vi. We define a controlled rough path 0(Z) 
[0, T] — 7> (Hn-iT above (j>iZ) using a Taylor expansion. In particular, we have that 



N-l 

cl)(Zt)-(t>iZs)^ V -^D"(t>(Zs):({hi,Zs),...,{K,Zs}){X,t,hi...K}+Rt , (3.8) 
^ — ' n' 



n=l 



where we sum over all hi e J" with |/ii| H h \K\ < - 1 and \Rft \ < C\t- s\'^'^. It is clear 

that the controlled rough path (j)(Z) should have (1, <j){Zs)) = (pi^s) and coefficients 



{h,(j>(Z),) J2 -,D"cl)(Z,):({hi,Zs},...,{hn,Z,)) , 



n=l hi...h„=h 



where we sum over all /ii , . . . , /i„ appearing in p.8| l such that hi . . .hn = h. For verification that 
(/)(Z) satisfies K6[, see MGublOL 



Example 3.6. As an exercise, we will calculate F{X)dX\ where F : M'' — > M'' is a smooth 
function and X has a branched rough path X above it. Firstly, since X is clearly an X-controlled 
rough path, we can define F(X). We set (1, F(Xt)) = F(Xt) and 

(•ft • • • -^^ , F(Xt)) ^d^'... d^-^ F(Xt) , 
for all • • • e Fn^i and {h, F{Xf)) — otherwise. We then have 

ft 



[ F(Xr)dXl^F{Xs){X,t,,,) 

J s 



N-l 

+ E E {•p^■■■•p^.PO^s)){XstA^h■■■^pJ^)+o{\t-s\) 

^ ^ d^^.-.d^-FiX,) ,^ 

m=0 ^i,...,,g,„ = i 

where in the last line we have used the symmetry of the expression to replace eJ^jv' 
unordered sum, with p ^il/ml. 

The set of X-controlled rough paths is easily seen to be a vector space. One can turn it into a 
Banach space, denoted Qx(]R'^), by introducing the norm 

IIZIIqxCR") = |Zo| + ^ ||i?''||(Ar_|;i|)^ , 

where ||/||(Ar-|h|)7 = sup^,^^ |t_s|(WHhi)7 • The Banach space Qx(IR'^) turns out to be the right 
environment in which to solves RDEs. 

3.7 Solving Rough DEs 

The foremost example of a controlled rough path is the solution to an RDE. We will consider the 
equation 

6Y,t - / f(Yr) ■ dXr With yo = C, (3.9) 
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for every s, t £ [0, T], where X = {X^) e «^ and f(Y) ■ dX ^ J^t^i ft(Y)dX\ The vector fields 
fi : M.'^ ^ Mf- are assumed to be as smooth as required. To solve this RDE, we must specify a 
branched rough path X above X. In MGublOl . solutions to ( |3.9[ ) are defined by lifting the problem to 
the space of X-controlled rough paths. 



Definition 3.8. A path Y : [0, T] W with Fq = is a solution to ( |3.9| l if and only if there exists 
an X-controlled rough path Y above Y satisfying 



t 

f{Yr) ■ dXr (3.10) 



forevery s,t G [0,r]. 



One can define the fixed point map M : Qxi^l ^ Qxi'^'') by (MY)t = /J /(Y^) • dX^. 
Since Qx(IR'^) is a Banach space, we can apply standard fixed point arguments on A4 to obtain 
existence and uniqueness results for ( |3.10| ). In particular, if the vector fields /; have N continuous 
and bounded derivatives, then global solutions exist for any initial condition. Moreover, if the vector 
fields have + 1 continuous and bounded derivatives then the solution is unique IIGublOl Theorem 
8.8]. Throughout the sequel, we will always assume the vector fields are smooth enough to guarantee 
existence and uniqueness of solutions. 

In this article we are more concerned with the structure of RDEs, and would like an explicit 
representation of the controlled rough path solution to p.lO| i. In particular, it is easy to see that a 
controlled rough path Y is a solution if and only if 

SYst^(l,J^ f(Yr)-dXr 

and 

([ri...r„]„Y,) = <^[Ti...T„]„^ f{Yr)-dXr 
for all [ti . . . T„]j € T^_i with i = 1 . . .d and 

(ti . ..T,n,Ys) = , 

for all non-trivial products ri . . . r„i G \ T^. Using the definition of / /(Y) • dX, we can refine 
the condition on the coefficients to (•i, Y^) — JiiYg) and 

([ri...r„]„Y,) = (ri...r„,/,(Y,)) 

cr£sy 111(71) 

= i?'7.(n): ((Ti,Y,),...,(r„,Y,)) , (3.11) 

where we sum over all permutations cr of {1, n}. It follows that we can always write the 
coefficients as (t, Yt) = friYt) where : M*^ — > M.'^ is some smooth function determined by / and 
its derivatives. For instance, 

(^^Y,) = D^MYs) : ((.„Y,),(.fe,Y,)) = D^f, : {f,Jk)(Y,) . 

In the sequel, we will always reserve {/rlrer* for the family of functions satisfying the recurrence 

/[ri...r„], =i?"/^ :(/n,...,/rJ, (3.12) 
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for some specified {f,i}i=i...d- We also extend the family to any h G H* by 

fh"^ {h,l)ld+Y,{h,r)fr , (3.13) 

where Id : — > M.^ is the identity map. It also follows that 

/Ti...r„ = , 

for all non-trivial products ri . . . t„ S \ TJ^. Moreover, if f,. = fi, then we have that fh(yt) = 
{h,Yf)forallheH*N. 

Remark 3.9. There is a conflict of notation here, if /i = 1 is the co-unit then from p.l3| l we have 
/i = Id, so that fi(Yt) — (1, Yt). This is not to be confused with the vector field /i in the original 
RDE. Since never actually refer to /i for the co-unit 1, the reader should not be concerned. Indeed, it 
is simply included to make the definition ( |3.13| l consistent. 

By exploiting some algebraic properties of the coefficients f^, we can obtain an explicit formula 
for (1, Y) — Y. In the following proposition we define a controlled rough path Y : [0, T] — ^ {H nY, 
with an extra layer of components (ri . . . r„, Y) for |ti . . . t„| — N, these extra components serve no 
purpose other than to facilitate the definition of(l,Y).Itisnot hard to see that these extra components 
become important when considering the fixed point equation Y = A^Y. 

Proposition 3.10. Y : [0, T] — ^ CHnY with (1, \) =Y is the unique controlled rough path solution 
to p.lO| l if and only if 

5Y,t^ E fr(Ys){^sur)+r,t (3.14) 

reTN 

where \rst\ = o{\t — s\) and the coefficients ofY are given by (ti . . . t„, Yt) = fTi...T„(Yt)for all 
Ti . . . T„ e T'^, with f,^ = f^fori ^ 1 . . . d. 

Remark 3.11. This proposition is particularly useful when one wants to understand how the solution 
depends explicitly on the vector fields and the rough path. In particular, it can be used to easily show 
how introducing redundancies in the vector fields {fi} leads to the solution only depending on certain 
components of the rough path X. These types of results have been discussed in |Lyo98 ], in the context 
of geometric rough paths. 

In order to show that Y constructed by p.l4| i with (ri . . . r„, Yf) = .fri...T„(^t) is a solution, we 
must first show that it is a controlled rough path. 

Lemma 3.12. Suppose Y : [0,T] {HnY with (1, Y) = Y satisfies ([TT4]) and (ti . . .t„, Yj) = 
fTi...T„{Yt)for all Ti . . . T„ G J^j^ with f,. = fi. Then Y is an "S.- controlled rough path. 

Proof of Lemma \3J2\ We must check the consistency condition p.6| l to ensure that Y is a controlled 
rough path. The assumption ( |3.14| i ensures the condition holds for h — 1, so it is sufficient to prove 
the condition for all t e TJ^, since the coefficients vanish on non-trivial products. We will assume the 
consistency condition holds for all of 7^* and prove the condition for t — [ti . . . T„]i where n > 
and Tj e 7^* . We have that 

([ti . . .T„]i, Yt) - {Xst*[Ti . . .Tn]i,Ys) 

= Z?"/,(rt) : ((ri,Yt),...,(T„,Yt))- ^ (Y„ p) (X,t ^[n . . . t„]„ Ap) 

pen 

= Z?'7, : (/.i , . . . , frJ(Yt) - fp(Ys){X,t ^[Ti . . . r„],, Ap) . 
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Now, by a Taylor expansion on D'^fi, we obtain 

D^f,(Yt):ifr„...,.frJ(Yt) (3.15) 
^ 1 

= V -. r:D"'MY,) : {U,{Yt\ . . . , UJYt), 5Y,t, . . . , 5Y,t) + , 

(m — n)\ 

ra—n 

where the term SYgt appears m — n times and 

\R{t \ < C\6Y,t\'^~"' < C\t - sl^^-"'-^ . 
Now, by the inductive hypothesis we have that 

where \ < C\t — and by assumption we have that 

dYst^ h,iYs){Xst,Xj)+rit, 

where \rl^\ = o{\t — s\). If we substitute these into p.l5| l, we obtain 

^ 1 

V -. r:D^MY,) : (fM), • ■ • , UJY,), h^Ys), /a„_„(F.)) 

(m — n)l 

m—n 

X (Xst *Ti,cri) . . . (X^f *r„,CT„)(Xst, Ai . . . A„_„) + i?^^ , (3.16) 

where we sum over all aj £ Tn (since aj — 1 vanishes) and Xj e T/v and where R1^ is the sum of 
all terms that contain at least one factor from the set : ■ • ■ j ^1? : ^it i ^st > • ■ • i ^^t "}■ Hence, 

\K'J < C max (\t - sI^^^I^^Dt) + C\t - s|(^-")t < C\t - s|(^-|[^i-^"l.l)7 ^ (3.17) 

where the bound on the second term follows from the fact that n < |ti| + • • • + |t„| < |[ti . . . T„]i|. 
On the other hand, we have that 

Y fp(Ys){X,t^[Tl...Tn]^,Ap) 

= Y X! — ,/[pi...p„>]iC^s)(Xst<i'[Tl . . .T„],, A[pi . . 

m—n pi ,...,pm 

where we sum over pi G Tn with |pi| + • • • + \pm\ < N — 1, since only those p £ T with 
p — [pi ■ . ■ Pm\i for m > n will not vanish. Note that the factor of 1/m! appears since all 
rearrangements of the pi in [pi . . . Pm] produce the same p. Using the recurrence p.l2| l, this 
expands to 

N-l ^ 

E —^D"'MYs) : ifp^Ys), . . . , fpJYs)){Xst (^[n . . . t„],, A[p, . . . p™],) . 
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But we also have that 

{Xst <»[Ti . . . T„]„ A[pi . . . p„J,) = {X^upi"-' ■ . . in... T„, . . . 
It follows that 

V ■^D'^MY,) : {fp,(Ys), . . . , /p,„(n))(X,t ®[Ti . . . T„]„ A[pi . . . p™],) 
■■^ to! 

-^-^ m! 

Pl,...,Pm 

x(X,i,p«...pW)(ri...r„,pf'...p(^>) 



to! 

Pl,--..Prr 



(3.18) 



In the last equality we have used the fact that each term in (ti . . . t„, p*j^^ . . . p^^) will vanish unless 
p^P = 1 for some choice of to — n terms from the product pf ^ . . . p*^'. But since the function 
D'^fiO^s) ■ (/pi , . . . , /p„ ) is symmetric in pi , . . . , p„i and we are summing over all pi , . . . , p„, we 
can assume without loss of generality that p^p = 1 for n + 1 < j < to, provided we include the 
combinatorial factor (™) . Of course, it follows that for each n + 1 < j < m, the only term remaining 
from the sum p^ (g) p^ is p^ (g) 1. 

Now, since (ri . . . r„ , pf^ . . . p*^') = 1 if and only if {tj , p^) — 1 for any permutation (ii , . . . , i„) 
of {1, . . . , 7i} and every = 1 . . . n, we can write ( |3.18| l as 

E ^^™/. :(/p,,-.-,/p,J(>^a) 

Xst,Pi^ ■■■P^n^Pn+l---P7n) E ("^1 ' ^if ) ' ' ' ("^i ' 

= E ^^"7. :(/pi,---,/p„(n)) 

Pl,.--,Pm 

X (^™)(X,„pW...p«Pn+l...Prn)(ri,pf)...(r„,p(?)) , 



TO 

Pl,---,Pm 



(3.19) 



where in the first line we sum over all permutations (ii, . . . , i„). If we set 

(Pl, ■ ■ ■ , Pm) = (ci, . . . , Cr„, Ai, . . . , \m-n) , 

then by comparing ( |3.16| l with p.l9| l and using the fact that ^ (™) = ^^^^1^^^, we see that 

([ti . . .T„],,Yt) - (X^f*:[ri...T„],,Ys) =Rl^ , 
and the estimate proves the result. □ 
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Proof of Proposition 3.10 We will first prove the 'if statement. Define Y as in Lemma 3.12 then Y 
is indeed an X-controlled rough path. Now, from ( |3.1 l| l, we have that (r, Yt) = (t, {A4Y)t) for all 
T S T^, so to show Y is the unique solution, it suffices to show that 

By the definition, we have that 



l,y f{Yr)-dXr'j (3.20) 

d 

= J2 C"/,ra:((ri,Y3),...,(T„,Y,))(X,i,[ri...T„L)+r,t 

i=l ri...T„eJF'jv-i 
d 

= Y1 : (/n , • • • , frJ(Ys){X,t, [Tl . . . T„],) + rst 

i=l Ti...r„GJ^jv-i 
d 

= Y Y /[ri...r„].(i^s)(Xst, [ti . . . T„]i) + Vst , 

1=1 ri...T„GJ^Ar-i 

where \rst \ = o(|^ — However, by setting r = [ti . . . T„]i, we can rewrite the sum 

d 

E=E E • 

We obtain ^ 

/l, /" f{Yr) ■ dXr) = J2 fr(Ys){Xst, t) + . (3.21) 

But from p.l4| i, it follows that 

1, / /(Y,) • dX, ) - ^i;^ = - , 



and since the left hand side is an increment and the right hand side is o(|t — s|), the left hand side 
must be identically zero. 

For the 'only if statement, suppose Y is the unique solution to p.lO| l with (1, Y) — Y. Then 
since ([ri . . . r„]i, Yt) = ([ri . . . T„]i, (MY)t), it follows from ( |3.11| l (and the preceding argument) 
that (ti . . . T„, Yt) = fr,...TAYt) for all n . . . t„ e -F^ with /.^ = /, for i = 1 . . . d. Note that 
also holds for the solution Y, since the identity only relies on the coefficients (r, Y) satisfying 
It follows that 



3.21 



3.12 



SY,t = (ij^ f(Yr)-dXr 

= fAYs){X,uT)+r,t , 

rSTiv 

This proves p.l4| l and hence completes the proof. □ 
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Example 3.13. Let us consider the RDE with hnear vector fields, 

d i-t 

5Yst ^Y. V^YrdXi. , (3.22) 

where Vi E L{M.'^,M.'^). Since the vector fields are smooth, the solution Y must take the form 
p.l4| l, where Y = (1, Y) and the coefficients satisfy {[T]i, Yg) — Vi{T, Y^) for any [r],; £ Tn and 
{ti . . .T„i,Ys) =0 for any non-trivial product of r,; G T- Hence, we have that 

N 



n— 1 a 

where we sum over all vectors a = (ai, . . . , a„) € {1, . . . , d}" and we use the shorthand for l inear 
trees r°"-"i — [r°"-°^]aj^. If we use the injection map l : T(M'^) % defined in Remark 2.5 then 
we have 

N 
n— 1 a 

which coincides with the standard Davie solution ||Dav07l|FV10bl . defined in the case of a geometric 
rough path. In our case, the "branched" components only influence the solution through terms 
involving second order derivatives of the vector field, which always vanish. This is a good example of 



how to use Proposition 3. 10 to show which components of the rough paths actually count towards the 



solution, as mentioned in Remark [3.11| 

4 Geometric rough paths 

Let V be some real Banach space. Let T{V) — tensor product algebra of V , with 

the convention V®^ = M. We will call T^'^\V) = 0"^o ^"^^ "^^e step-n truncated tensor algebra. 
The vector space T{V) can be viewed as a Hopf algebra, by adding the shuffle product LU and the 
deconcatenation coproduct A. The existence of an antipode for this bialgebra is guaranteed by 



Remark 2.9 The shuffle product is defined in the following way, let Ca — Ca,^ ® ■ ■ ■ ® ea„ and 

eb~ehi®---® eb„^ then 

Ba LU 66 = ^ Cc , 
cGShuf(a,b) 

where c G Shuf(a, b) if and only if c is a permutation of the index sequence (a, 6) = (ai , . . . , a„ , 6i , . . . 
which preserves the original ordering of the index sequences a and h respectively. The coproduct A 
is defined by 

Acc = Z ea®eb ■ 

(a,6)— c 

The dual Hopf algebra T((F)) is the space of formal series of tensors, equipped with the concatenation 
product (g) and the coproduct 5, that are dual to A and LU respectively. We likewise have T{{V)) — 
0^o(F*)«'* and the truncation, r(")((F)) which can clearly be identified with T<")(y). More details 
on the above construction can be found, for instance, in MReu93l . 
We define a Lie bracket on T({Vy) using the commutator 



[x,y]® = x®y-y®x , 



(4.1) 
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for any x,y ^ T{{V)). The free Lie algebra generated from V is then defined by 

oo 

i=l 

where VFi(y) = V and Wi+i{V) — [V, T4^i(V^)](gi. We similarly denote the step-nfree Lie algebra 
by 

n 

We define the group 

G{V) = eMQiV)) , 
as the image of the free Lie algebra under the exponential map, defined by 

exp(x) = 2^ • 

fe>0 

We similarly define the step-nfree nilpotent group as 

G("\F) = exp(^("'(y)) . 

Clearly, we have that G^^^\V) C T*"'(y). Moreover, it is well known that G{V) coincides with the 
group-like objects, in that g £ G{V) if and only if 5g — g® g, the proof of this statement can be 
found in ||Reu93l| . It follows that G^"\V) is the step-n truncation of the group-like objects. Since 5 is 
dual to LU, this group-like property can be equivalently stated as 

{g,x){g,y) ^ {g,xwy) , (4.2) 

for every g £ G(V) and x,y £ T(V). 

The group G^'"'\V) can be equipped with a subadditive homogeneous norm 1 1 • 1 1 g^^HV) ■ V^) — >■ 
[0, oo) as defined in iLV07i . One can show that all such norms are equivalent, and in particular all 
such norms are equivalent to 

n 

p(:r) = ^||4||^/\ 
fe=i 

where x — exp(£i + • • • + £n) with £i £ Wi(V) and where || • || denotes the Euclidean norm IILV07I . 
A path X : [0, T] G^"\V) is called 7-Holder continuous if and only if 

llXst||G<"'(V) ^ 

where X^t = Xj^ (E}Xt. If n — N, the largest integer such N-f < 1, then such a path is called a weak 
geometric rough path of Holder exponent 7. By the equivalence of norms, the regularity condition 
( |4.3| l is synonymous with the statement 

for any Vi £ V. Hence, the regularity condition for a geometric rough path is identical to that of a 
branched rough path. 
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Remark 4.1. There is a subtle difference between weak geometric rough paths and geometric rough 
paths IIFV06I . In this article we only refer to the weak kind and will henceforth omit the prefix. 

It turns out that every 7-H61der path in a Banach space V can be extended to a path X taking 
values in G^^\V). That is, every path has a weak geometric rough path lying above it. This is a 
particular case of the following theorem proved in LLV07.I . If if is a normal subgroup of G^^\V), 
we define the quotient homogeneous norm on the quotient group G''^\V) /Khy 

\\g<» K\\Gim^v)/K = ^inf, llff «) kWawiV) ■ 

Theorem 4.2 (Lyons-Victoir extension). Let 7 G (0, 1) such that 7"^ ^ N \ {0, 1}. Suppose K is a 
normal subgroup ofG^^\V). If\ is a j-Holder continuous path in the quotient G^'^\V)/K, then 
there exists a ^-Holder continuous path X taking values in G^^\V') and satisfying 

7rG(")(y)/K (X) = X , 

where tt denotes the projection map. 

Remark 4.3. The restriction 7^^ ^ N \ {0, 1} is a necessary one and a counter example can be 
found in [ Vic04ll . Hence, all our results in this chapter actually assume 7 S (0, 1) with 7^^ ^ N. 

Example 4.4. To give an idea of the type of situation in which this theorem applies, let X be a 
geometric rough path in T^^\W^), lying above a path X e M'* and suppose we would like to add a 
new path component X'^^^ to X, by setting X — (X, X''+^). The extension theorem tells us that there 
exists a geometric rough path X above X that agrees with X on the subspace T^'^\W^) C r<^'(M'^+^). 
To be precise, we set 

Xt =exp(logXt+a;f+^ed+i) . 

This is an element in T^-^^(W^^^) and one can easily check that it is 7-Holder in the quotient space 
G'^^'\U.'^+^) / K , where K = exp L and L is the Lie ideal generated by 

[ed+i, = span{ed+i ® ej - ® ea+i : j = l...d}. (4.5) 

In particular, under the quotient norm we can effectively ignore all bracket terms involving e ^+i, and 

tells 



4.2 



the 7-Holder property then follows from the fact that X is 7-H61der in G'*^'(M''). Theorem^ 
us that we can add the missing ea+i components to obtain a geometric rough path X on T*^ '(!&''+-'-). 

Remark 4.5. Although the proof of Theorem 4.2 as stated in | Lyo98[ , appears to require the axiom 



of choice, the map X i-> X can actually be defined constructively (and hence the map is measurable). 
In particular, this implies that the components of X can be built explicitly from the components of X. 

4.6 Geometric rough paths are branched rough paths 

It should be no surpr ise t hat a geometric rough path is a special kind of branched rough path. As 
mentioned in Remark 2.5 the tensor algebra T(M'') can be identified with the subspace of T-L spanned 
by the linear trees. Given a geometric rough path X, the idea is to extend X from this subspace of 
linear trees to a branched rough path X defined on the whole of %. To perform this extension, we 
simply replace % products with UJ products. That is, we set 



(X,t,/i) = {%tAa(h)) , 



(4.6) 
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for every h ^ Hn, where the map (j)g : H ^ T(M.'^) is defined by the rules — 1 , 

(l)gi[h]i) = (l)g(h) (S) ei and (t)g(hih2) = (l)g(hi) W (f>g(h2) , 
for h, hi, h2 E H and e,; is the z-th canonical basis vector in M.'^. For example, we have 

4>gi»a»b) = Sab + Gba and 0g = Babe + Cfcac , 

where Cab = ea<S) et and so forth. 

Proposition 4.7. IfS. is a •f -Holder geometric rough path defined on r*^'(IR'^) and X is defined by 
( |4.6| l, f/ien X /i a ^-Holder branched rough path on %. 

This also provides a way to test the geometricity of a branched rough path. In particular, a 
branched rough path is geometric if and only if the identity 

{Xst,h) = {Xst,i(l)g(h)) , 

holds for every h e Hn, where t : T{M.'^) H is the inclusion map that identifies each tensor in 
T(U.'^) with its corresponding linear tree in T-L. Before proving the proposition, we need an important 
lemma. The map (j>g is clearly a morphism from • to UJ. What is less clear is that it is also a morphism 
of coproducts A and A and hence a Hopf algebra morphism. This is crucial in guaranteeing that X 
constructed above satisfies the right algebraic conditions. For the following, recall that J^(n) is all 
Ti . . . Tfe S with |ti I + • • • + |rfe I = 71 and that H(„) is the vector space spanned by J^(„) and also 
that J>j is all Ti . . . Tk E J- with |ti | + • • • + jr^: | < n. 

Lemma 4.8. We have that 

Mg{h) = {(l>g ^ <i)g)Ah , (4.7) 

for every h E H. 

Proof. When applied to any h E 'H(i), the identity ( |4.7| i is clear, so assume the claim holds on all 
h E fi^n), we will prove that the claim holds for J-(n+i) and hence H(n+i)- If h E J-(n+i), then 
h — [hi]i for some hi E J-'(n) or h — hih2 for hi E J^ip), ^2 E J-'(q) forp + q — n. In the first case, 

A(j>gi[hi],) = A(0g(/ii) (E) e,) = {(t)gihi) (g) eO (i) 1 + (A0g(/ii)) (g)(l(E) e,) . 

By the inductive assumption, A(f>g(hi) — ((fig (g) (j)g)Ahi. If Ahi — h^^^ ® hf \ then we obtain 

(/>g([^l]») «) 1 + (0g «) (f)g)(h^l^ «) /if) «) (1 e,) 

= (0g ^ <l>g){[hlh ^ 1 + ^[hfh) = ((t>g «) </)g)A[/ii] . 

In the second case, 

A(bg(hlh2) = A{^g{hl) W (f)g{h2)) = (A(j)g{hl)) W (A^gC/ls)) , 

where we have used the fact that A is a morphism with respect to UJ. By the inductive assumption, 
we obtain 

(0s ^ (l^gXAhl) LU (0g ® (/)g)(A/l2) = (0g «) (l)g)iAhl ■ A/I2) = (0g «) 0g)A(/ll/l2) , 

where, in the first equality we have used the fact that (/)g is a LU morphism and A is a • morphism. 
This proves ( |4.7| i. □ 
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Proof of Proposition 4.7. From ( |4.6| l, the path X is only defined through the incremental object X^t. 
Hence, we must first check that Xjt — 1 and that 

Xsf = Xs„ ★Xut, (4.8) 

for every s,u,t ^ [0, T]. The first claim follows from the fact that Xtt = 1 and that 0*1 — 1, where 
(p* is the adjoint of cpg and 1 is the counit. To check ( |4.8| l, notice that 

{Xsu*Xut,h) = (X,„(g)X„t, A/l) = (X,„(8)X„t,(0g«)'^g)A/l) . 



Applying Lemma 4.8 the above equals 

(X,„(g)X„t, A0g(/l)) = (X,„(g)X„t,0g(/l)) = (X,t,0g(/l)) = (X,t,/l) 



The regularity condition p.9| l for a branched rough path follows easily from the fact that (pgir) is, for 
every r e T, a linear combination in (M'')'^!^!. Hence, the regularity of (X^t, r) will follow from 

( |4.4| i. We finally check that Xt == Xpt takes values in the truncated group-Uke elements GnCH)- 
Since (pg is a morphism with respect to • and UJ, we have that 

(Xt,/ll/i2) = (Xt>g(/ll/l2)) = {Xt,^g{hi)W(Pg{h2)) , 

for any /ii , /12 G "H with | /ii | + | /12 1 < A^. Since X is geometric and hence group-like, ( |4.2| i yields 

(Xt>g(/ll)m0g(/^2)) = {Xt,(Pg(hl)){Xt,q}g(h2)) = (Xt,/ll)(Xt,/l2) . 

Hence, X takes values in GjvCH). □ 
4.9 Branched rough paths are geometric rough paths 



The main result of this subsection provides a converse to Proposition 4.7 namely, for a given branched 
rough path X lying above a path X, we can construct a geometric rough path X lying above a a higher 
dimensional path X, in such a way that X contains all the information of X. Hence, every branched 
rough path can be viewed as a geometric rough path, living in an extended space. 

Before stating the main result, we first need some notation. As above, let B, Bn be the real 
vector spaces spanned by T, %i respectively, then we can then define the tensor product algebras 
T{Bn) exactly as above. In T{B) (and T{Bn)), the elements of T (Tn) are indivisible objects 
with respect to the coproduct A, that is 

AT=l(g)T + T(i)l, 

for any t E T- Moreover, the basis elements of T(B) are tensors of the form ti (g) • • • (g) t^, for G T 
and similarly for T(Bn)- As usual, we denote the truncated tensor algebra by 

N N 

rW(e) = 0S«'= and TW(H„) = 0ef'= . (4.9) 

Every tensor product space can be equipped with the usual grading which counts the number of 
non-trivial factors in each tensor product. However, we equip T(B) (and T{Bn)) with a grading that 
does not ignore the individual grading of the trees. That is, we have 

|ri0---(8)T„| = |ti| + --- + |t„| , (4.10) 
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where jr^ | is the H grading that counts the number of vertices in r^. Hence, we have the decomposition 

oo 

T(B) = T(S)(„) , 

m— 

where T{B)(rn) is the vector space spanned by the tensors ti (g) • • • (g) for Ti E T with |ti | + • • • + 
jr^l — m, with the convention T{B)(o) = K- 

We will construct a path X taking values in the vector space Bn- Since Bi = K'*, to say that 
X is an extension of X means that 7rej^(X) — X. The geometric rough path X will be built in the 
space T^^\Bn) defined by ( |4.9| l, satisfying {Xst, t) ~ SXJf for each t G T/v- Moreover, the tensor 
components must be interpreted (formally) as candidates for the iterated integrals 

...J dx:i...dx::, 

which cannot be defined in the usual Riemann sense. 
Recall that H has the decomposition 

oo 
m— 

where H(m) is the vector space spanned by J-(m), the set of all ri . . . e with |ti| + • ■ ■ + |Tfc| = m. 
The construction of X relies on the following graded morphism of Hopf algebras, that is, a linear map 
V' • 'H(m) — > T(B)(m) for each m E N, which is a morphism with respect to products and coproducts. 

Lemma 4.10. There exists a graded morphism of Hopf algebras "0 : ("H, ■, A) — )■ (r(y8), UJ, A) 
satisfying 

V;(T) = r + V«-i(r), (4.11) 
for any t E Tn, where ipn-i denotes the projection ofip onto T(S„_i). 

To illustrate the property ( |4. ll| l, consider the following example. In the unlabelled case d — 1, 
we will see that 

'(/'(V) = V+2»(8)»(8)»+2»(8)2. 

Thus, we have 

V'(V) = V + V'2(V) , 

where 

V'2( V) = 7rT(B2)V'( V) = TTTilsA^ + 2«®»®«+2»(g)I) 

= 2»(g)»®»+2»(g)J. 

Notice that V'2 describes all the ways of cutting apart the tree V , this is essentially how ip is defined 
in general. 



Proof of Lemma 



4.10 



We will construct ip on each For n = 1, the condition ( |4.1 1[ ) forces 
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for each a = 1 . . .d. Hence, : 'H(i) — > Si = T(B)^i), and it is trivial to check that is a morphism 
of Hopf algebras. Suppose that we have constructed such a map on 'H(k), for all 1 < A; < n — 1. We 
will now construct an extension of ip to and hence H(n)- Elements in J"(„) are either t E Tn or 
products of elements in T^p) and T(q) for p + q = n. We will firstly extend ip to Tn- 

Let T E Tn with At — (I^t'^ + \®t + t®\, for some r G Tn, where we sum over the 
non-trivial parts r^, t^. We define 

V'„-i(r) = V(t1)®t2 . (4.12) 
We then set ipir) — ipn-i(T) + t. To complete the extension we set 

VX/li/l2) = ^(/ll)LiJV'(/i2), 

for hih2 G J-(n) with hi e J-(p) and /12 G J-(q). By construction, i/i satisfies ( |4. and is a graded 
morphism of algebras on J-(n), hence we only need that 

(^^^P)Ah = A^Pih) , (4.13) 

for all h e J-(n)- For t ETn,^^ have that 

A-0(r) = A(V'(r^) (g) + r) = A(VXti) » r^) + r (g) 1 + 1 (g) t . (4.14) 

It is easy to see that 

A('0(ri) ® T^) = (ip(T^) g) r^) (g 1 + (M(t^)) «) (1 T^) . 

Since G J^(„_i), the inductive hypothesis implies that ( |4.14[ ) equals 

(■0(r^) (g + r) (g 1 + (-0 (g '0)(At^) g) (1 (g t^) + 1 (g t . 

Using the notation, (A' (g Id) A'r = r^^ g) r^^ g) r^, the above equals 

'0(T)(i)l +V'(T")<i)('0(T^^)«)T^) + lg)(V'(T^)g)T^) + l/^(r^)g)T^ + 1 » T . (4.15) 

On the other hand, using the notation (Id (g A')A't = (g t^^ (g t^^, we have that 

(-0 (g V')At = -!/;(r) (g 1 + 1 g) V'(t) + V'('r^) (g(VXT^^) «) r^^ + r^) . 

Hence, it is sufficient to check that 

V'(t") %)('ip(T^^) (E> T^) V'(t^) ® V'Ct^^) ® . (4.16) 

But, from the coassociativity of the coproduct (and hence the reduced coproduct), we have that 

r" (g T^^ (g = (A' (g Id)A'r = (Id (g A')A'r = (g r^^ (g r^^ 

and ( |4.16[ ) clearly follows. The fact that ( |4.13[ ) holds for the product hih2 follows easily from the 
inductive hypothesis, and the fact that A and A are morphisms with respect to LU and • respectively. 

□ 

We can now state the main result of this section. 
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Theorem 4.11. Let X = be a path in and X a •'/-Holder continuous branched rough 

path satisfying (Xt, •i) = XI. Then there exists 

1. a path X — {X'^)T-^q-j^ taking values in the vector space Bn and satisfying TTg^ (X) = X , 

2. a ^-Holder geometric rough path X in T^^\Bn) satisfying (Xgj, r) — 6XJf.for each r E T/v , 
such that 

{X,t,h) = iXu^ih)) , (4.17) 



for every h G Hn and where ip is the map constructed in Lemma 4.10 



The idea behind the proof is to construct X iteratively, using the extension theorem 4.2 The first 
part of the iteration is to extend the path X. To start the iteration, we define the intermediate extension 
X^i^ : [0, T] ^ G'^^KBi) by 

X^i^ = exp|^^(Xt,.,).,y (4.18) 



Hence, we have that (X^ , •i) = {Xt,»i) and 



(1) 

, -1/ — V<-t,-l/ ""U 

1 



(X<1\ ® • • • ® J = ^(Xt,.ai 

for flj — 1 . . .d and k < N. All we have done is extend X by adding the purely symmetric tensor 
components. Let Ki be the normal subgroup of G^'^XBi) defined by 

Ki = exp {W2(Bi) © • • • © Wn(Bi)) , 

or equivalently, let Ki = exp Li, where Li is the Lie ideal generated by 

def 

[Bi,Bi],g = span{»j (g) •j - •j (S) : i,j = 1 . ..d}. (4.19) 

In general, the path X^^' is not a 7-Holder continuous path in the group G'^^\Bi), but it is in the 
quotient group G^^\Bi)/Ki. Indeed, we have that 

||(XW)-i ® X«||g(«.(6,)/Ki = inf ||(XW)-i ® X™ ® kWciNHBi) , (4.20) 

and by the Baker-Campbell-Hausdorff formula, 

(X™)-i ®X™ = exp |^^((Xt,..) - (X„.,)).,j (gexp(^) 

= exp ^^(X^t, (g) exp(£) , 

where £ E Li. Hence, taking k = exp(— ^), we can bound ( |4.20| i by 

(d \ d 

Y.{X,t,•^)•^ ||g'«.(6i) < C lO^st , •^)\ < C\t - Sp , 
i=l ) i=\ 



Geometric rough paths 



34 



which proves the claim for X*^'. We can therefore apply the extension theorem to X*^', in particular it 
follows that there exists a 7-Holder continuous path X^^^ e G^^'(,Bi) such that 



r(i) 



= 6Xst for alH = 1 



= (xlV,. 



which simply means that (X^^j , -j/ — , -j/ 

Remark 4.12. We should mention that one can actually choose any geometric rough path X*^' above 
X. We only use the choice of X*^' provided by the extension theorem as it will work for every X. 

The second part of the iteration relies on a generalisation of the following well-known (and easily 
verified) fact. Namely, that the difference between two area processes over a common path is equal to 
the increment of another path. In our case, for each a,b = 1 . . .d there exists a path 



X^ " ■.[0,T]^R such that (5X* (X,t, I 



i; 



(4.21) 



where X^/ = (X^^-*) ^ (g) X^ and the path is unique up to an additive constant. We add X as another 
component of a new path X"^^^ : [0, T] T^'^\B2)- To be precise, we define 



r(2) 



exp I logX™ 



Hence, X*^^ satisfies 



for all a, 5 = 1 . 



for all tensors ti 



(4.22) 



(Xf\n. 



> Tk e T'^^\B2) \ T^^\Bi), and X*^) is an extension of Xi, in the sense that 
7rT,«,(B,)(X<'') = X^i' . 



We then repeat the first step, by finding the right quotient group and re-applying the extension theorem. 
To this end, for any integer 1 < n < A^, we define _L„ as the Lie ideal generated by the set 

def 

[K(„), Bn\(i, = span{Ti ®T2-T2®Ti : Ti, T2 € T with |ti| = n and \t2\ <n} (4.23) 

in the free Lie algebra G'"^\Bn)- In particular, i„ contains all brackets in t/*^'(/B„) with at least one 
factor from B[n)- In order to construct meaningful quotients, we require the following Lemma. 

Lemma 4.13. For each 1 < n < N, Kn — exp(L„) is a normal subgroup ofG^^\Bn)- 

Proof. The statement is an elementary result in the theory of Lie algebras, see BKirOSI Theorem 3.22], 
for instance. □ 

After this step, we will obtain a geometric rough path X*^^ above the path 

= (X^X^'" : i,j,k^l...d) , 

and from ( |4.21| l, it follows that X*^' contains the information held in the components (X, r) for all 

r G 72- Hence, if we repeat this procedure, we eventually obtain a geometric rough path X =^ X*^\ 
containing all the information of held in the components of X. 
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Proof of Theorem ^~Tl\ Throughout the proof, we will denote X^,"^ ^ (X^"))"! X^"\ Proceeding 
by induction, we will prove that, for each integer n > 1, there exists a 7-Holder continuous path 

X("> : [0, T] G^^\Bn) such that 

(X,t,/i) = (Xif,VW) , (4.24) 

for every h G Hn- For n = 1, we know from the introductory argument that such a construction is 
possible. Hence, assume the claim holds for some n > 1. We will now construct X^"+^^ and show 
that ( |4.24[ ) holds in the n + 1 case. We will first show that for every r G T{n+i) there exists a path 
: [0,T] ^ M such that 

SXJt = (X,„ r) ~ {X^^\ ^„(r)) , (4.25) 

unique up to an additive constant, this path will allow us to define X*"+^'. Without loss of generality, 
let r = [h], for some h G T{n), where we omit the label of the root. We have that 

{Xst, [h]) = (X,„, [h]) + (X„t, [h]) + (X,„, h^){X,,t, [h^]) , (4.26) 

where Aft, = h^®h? + l®h^h®l and we omit the summation. By hypothesis, we have that 

(x,„,fti)(x„i,[/i2]) = (x("„>xfti))(x^",\V'([/i'])) , 

since and {h?} are elements of T-Ln. Moreover, by definition of ip, we have that 

iP(h^)®il}{{h'^]) = (V'«)V^)A'[/i] = AV([ft]) , 
where A' is the reduced coproduct. This yields the identity 

(x,„,/ii)(x„t,[ft2]^ ^ (xi'^\Vn(W)) - (x("„),^„([/i])) - {x^:li;^m)) , 

combining this with ( |4.26| l, we obtain 

{Xst, [h]) - (xif , Vn([ft])) = (x,„, [h]) - (xi*^', v„([/i])) + (x„t, [h]) - {t^:^, Mh])) . 

Setting T ~ [h], this implies the existence of for each t g 7(„+i), satisfying ( |4.25[ ). We include 
this path in our construction by defining the intermediate extension X*"+^' of X*"*, setting 

Xr'' = expllogX(">+ J2 ^tA ■ (4.27) 

V Te7I„+i, / 

Hence, X("+i> : [0, T] G'(^'(B„+i) and satisfies (X*"+^', r) = Xj; for all t e T(n+i), 

(x("+i\ n ® . . . ® = ^(X<"+i', ri) . . . (x("+i\ T„) , 

to! 

for all Ti (g) • • • (g) T„ e T(^>(;B„+i) \ r<^>(S„) and X'"+i^ is an extension of X^"' is the sense that 

^T^">(B„)\^ ) = A- ' . 

We then have the following crucial fact, which we shall verify in the sequel. 

Lemma 4.14. For each n < N — 1, the intermediate extension X*"+^' is a ^-Holder continuous 
path in the quotient group G^^\Bn+i) / Kn+i- 



Geometric rough paths 



36 



Thus, from the extension theorem 

[0,T]^GW(S„+i) satisfying 



4.2 



we know that there exists a 7-Holder path X^"+^' 



(n+VK _ Y(n+1) 



7^G<«)(e„+l)/-ft:„+l(X ) = ^ 

We will now check that X*"+^' satisfies ( |4.24| l for the basis elements J-n+i and hence Hn+i- Firstly, 
suppose h G J^n, then ^p{h) S T^^\Bn), which follows from the fact that is graded. Moreover, 
since X("+i> agrees with X^"' on T(^>(S„), we have that 

(x,t,/i) = (xif,V(/i)>-(xS+i\^(/i)), 

which proves the claim for It is clear that every element in J-(n+i) is is either a tree [h] for some 
h e T(n) or a product /ii/i2 for hi,h2 G J-n- For the tree case, we have the identity 

(Xi'^+i\ [h]) = ((X("+i>)-i ® X*"+i', [h]) = ((Xi"+i')-i ® X^/'+i), [h]) = SXl'l^ , (4.28) 

where we have used the facts that X("+i' and X("+i> coincide on [h] and that (X*"+^\ [/i]) = ^ 
and ((X<,"+i')-i, [/i]) = -Xl'^l. And by definition, 

SXll^ = {XstAh]) - {X^:i\Mh])) = {Xstdh]) - {X^:t+'\Mh])) , 

where the last equality follows from the fact that ipnilh]) € T^^\Bn), on which X<"+i^ and X^"' 
agree. Combining this with ( |4.28| l, the claim follows from the condition ipHh}) = [/i] + i^ndh}). For 
the product case, 

(x,t,/ii/i2) = (x,t,/ii)(x,t,/i2) = (x('^\V(/ii))(xi'^',V(/i2)) . 

Since X^"' is geometric, the above equals 

{X^:^,^{h^)ilA^{h2)) = (XS+^',^(/li)mV'(/l2)> = (X*3^ + '\^(/il/^2)) . 

where the first equality follows from the fact that i){hi) LU ^(^2) e T'-^\Bn), on which X'"' 
and X*"+^' coincide and the second follows from the fact that i/j is a morphism with respect to 
multiplication. □ 



Proof of Lemma By the Baker-Campbell-Hausdorff formula, we have that 

x(;'+": = (x("+V®x<"+" 

= cxp( + «)(Xi"')-i®X<"'(g)exp( Y 

= exp ( ^ -X^T + lA (g) X^^^ ® exp ( Y ^t^ + 
^Xi-^'^exp^ ^ ,5XJ,t) $5 exp(^3) , 



rer^r 



+1) 



where ^i, ^2 are linear combinations of brackets between logX*^"^ and T(n+i) and are therefore in the 
ideal and where £3 is a linear combination of brackets between logX^"\ 7(„+i), ii and i?2 and 
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is therefore also in L^+i- By taking k — exp(— ^3), we therefore have that 

l|Xi"+'^llG<«)(8„+i)/K„+i = , inf llXi"^^ ^ exp f ^ SXl^r) ® exp(£3) ® fc||G.«HB„+i) 



<||Xi7>®exp( ^ <5XJ,r)||G<«)(g„+,) 



+ 1) 



< I|xS^IIg<".(B„+,) + II exp ^^stT llG<«>(e,.+,) 

where in the last inequality we have used the sub-additivity property of || • ||gi™i(K„+i)- the first 
term, using the equivalence of norms on G^^HBn), we have that 



ll/m 



|l/m 



TV 

I|xS'||g<«.(b„,,) <cY. ^1 ® • • ■ 

ra=l {ri,...,T„}cr„ + i 

= ^E E i(iogxi'?',Ti®-..® 

m=l {ti,...,t„}cT„ 

<C||xi'^^||G(«.(e„)<^^|i-sr, 
since X^"^ is a 7-Holder continuous path in G^^\Bn)- For the second term, we have that 

llexpl" Y '5^;tr]||G.«.(B„+.)<C Y \^^st\- 

And by definition, 

\SX:,\ = |(X,„r) - (Xi^', V«(r))| < |(X,„r)| + KXi"?', Vn(r))| 

<|(X,„r)|+q|Xi'^>||G,«,(B„)<C|i-sr. 

This completes the proof. □ 

Remark 4.15. Throughout the construction, we have ignored the fact that the path elements (X, t) 
actually have 7|T|-H61der regularity, rather than just 7. Hence, for each component (X, ti (g) • • • (g) t„) 
with |ri| + • • • + |r„| > A^, there will be a canonical choice, given by defining the component as a 
Young integral. 

If branched rough paths can be written as geometric rough paths, then we should be able to 
import some of the tools from geometric rough paths to the world of branched rough paths. The 
following result tells us that the extension theorem 4.2 can also be used on branched rough paths, for 
a special but very useful class of extension. Namely, if we have a branched rough path X^ above a 
path X ^{X^,..., X"^) and an extended path X = {X^ , . . . ^X"^ , X'^+^ X''), then there exists 
a branched rough path X^ above X which agrees with X^ on the X components. 

Corollary 4.16. Let H^,H^ he the Connes-Kreimer Hopf algebras generated by the alphabets Ai 
and A2 respectively, where Ai C A2, so that is a sub Hopf algebra of H^. Let X — (X*)^^^^ 
and X — be two 7-Holder continuous paths with X^ — X'^ when i E Ai. Let X^ be a 
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branched rough path on with (X^j, •i) — 5X1^ for each i E Ai. Then there exists a branched 
rough path on with (X^j, •i) = SXl^. for each i E A2 and X^ is an extension of X^ in the 
sense that 

{Xl,h) ^{Xl,,h) , (4.29) 

for every h E H^. 

Proof. Without loss of generality, assume Ai — {1, . . . ,d} and A2 = {1, . . . , d + 1}, so that 
X = (X^,...,X'')andX ^ . . . , X'^, X-^+i). Let 6^, and B% be the vector spaces spanned 
by the trees |t| < N, with vertex decorations from Ai, A2 respectively. Let 1/;^ : — > T{B]^) 
be the map constructed in Lemma 4.10 and simil arly for 1/;^ : — > T(Bff). Clearly, we have that 
ip^{h) = ip'^ih) for h E H^. From Theorem 4.1 1 we know that there exists a geometric rough path 
Xi on T<^>(6jv) satisfying 

Now define X^ : [0, T] T^^\B%) by 

Xl=exp{\ogXl+X^+\d+i) ■ 



Using the same techniques employed in Lemma 4. 14 one can show that X^ is a 7-H61der continuous 



path in the quotient group G''^\Bjf)/K, where K = expL and L is the Lie ideal in T'-'^\B%) 



generated by [Bj^, *d+i]- From the Lyons- Victoir extension theorem 4.2 there exists a 7-H61der path 
X2 : [0, T] G^^MBjj) satisfying 



for all u E T^^>(Blj) and (X^ 



^ 6Xf+\ We then define X^ in n'^ by 

{xl,h)^{xl,4'Hh)) , 

It follows from the properties and ip'^ that X^ is indeed a branched rough path. Now, let h E TH} then 
we have that 

{xl,h) = {xl,^pHh)) = {xl,^Hh)) - {xl,,ib'(h)) = {xlv^p\h)) = (x,„/i) , 

which proves ( |4.29| ). Moreover, because ^'^(•rf+i) ~ 'd+i, we have that 

= {Xl,.,+,)^SX''+\ 



(X^ 



□ 



which shows that X^ is a branched rough path above X and hence completes the proof. 

5 Conversion formula 

If Y is the solution to the controlled rough path equation p.lO| i with ( 1 , Y) = F , then from ftoposition 
I3.10l we have that 

SYst = fr(Ys){Xsur) + rst , (5.1) 

where the coefficients frO^s) — {t, Yg) are determined by ( |3.12[ ) with f,. — fi. In Section|4] we saw 
that for every branched rough X, there exists a geometric rough path X taking values in T^^\Bm) 
and satisfying 

(X,t,T) = {XstMr)) , 
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where ip is the map derived in Lemma |4. 10 If we apply this transformation to \5.l\ , we see that 

^ /r(n)(X3t,r) - U'(a)(Ys){Xt,^) (5.2) 

where ijj* : T{{Bn)) 'H* is the adjoint of 'ip, where /,/,*(ct) — X]t(V'*(o')5 ''')/t and where 

C/jv,n = {Ti®---®Tk:ncTn with A: < A^} (5.3) 

is the set of basis tensors for T^^\Bn)- Since Y appears to be controlled by X, it is natural to 
ask whether Y solves an RDE driven by the geometric rough path X, providing a generalised Ito- 
Stratonovich conversion formula. In Subsection |5.1| we provide a criterion to determined when 
expressions controlled by a geometric rough path are solutions to RDEs driven by that geometric 
rough path. In Subsection 5.9 namely in Theorem 5.10 we derive the Ito-Stratonovich conversion 
formula. 

5.1 Geometric RDEs 

Let X be a branched rough path above X G M'' satisfying 

{X,t,h) ^ {X,t,i^g(h)) , (5.4) 

for each h £ Hn, where t : T{R'^) — > H is the inclusion map. Hence, X is a geometric (branched) 
rough path. Let y be a controlled rough path solution to the RDE 

dYt = f(Yt) ■ dXt , (5.5) 

driven by a geometric rough path X, where f(Y) ■ dX = X^iLi fiiY)dX^ and the vector fields 
/i : M*^ — !• M*^ are smooth. From Proposition |3.10[ we have that 

SY^t - Y fr(Ys){XsuT) + r,t , (5.6) 

reTjv 

where \rst \ = o(\t — s\) and the coefficients Jt satisfy the recurrence relation p.l2| i with = fi. 
The geometric constraint ( |5.4| i allows us to rewrite SYst as an expression controlled by only the linear 
trees in Hn, which we identify with the basis elements of r*^'(]R''). To be precise, 

Y fr(Ys){XsuT) = Y Uli^)(Ys){XsUiCT) , 

TGTiV o&Un,! 

where : T{{W^)) U* is the adjoint of 0g, where f^.(„^ = Y.A't>*gicr), r)/^ and 

Una = {&vi ® ■ ■ ■ ® ey^^ : Vi — 1 . . . d and k < N} (5.7) 

denotes the basis tensors of T'^^'(M'^). Note that only those terms in the subspace T'^^'(K'^) appear, 
since all branched trees are in the kernel of 

Remark 5.2. From ( |5.3| ), we have 

Un,i = {*vi ® ■ ■ • (8) "ufc : Vi — 1 . . . d and k < N} 

— {svi <E) ■ ■ ■ <E) : Vi ^ 1 . . . d and k < N} , 

so that ( |5.7[ ) is not an abuse of notation. 
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We can use this representation to develop another recurrence formula, to characterise those 
expressions controlled by geometric rough paths that are solutions to a given RDE. 

Proposition 5.3. Let %be a geometric (branched) rough path above X. Then Y with (1, Y) =Y is 
the controlled rough path solution to 

dYt = /(Ft) • dXt , (5.8) 
driven by X if and only if (r, Y^) ~ friYt) defined above and 

5Y,t^ E FAYs){%ui<j)+r,t, (5.9) 

where \r st \ — o(\t — s\) and where the coefficients F„ are defined by the recurrence F^- — fi and 

^e„j(gi---(gie„„ = ^e„j^ ' ^-^e^^ (g)---(g)e„„ ) (5.10) 

for any Vi = 1, . . . ,d and any n < N. 

Remark 5.4. Since each Fe^^(g,...(g,e^^ ■ K'^, the identity ( |5.10| l should be interpreted as 

-^e„j^(gi---(gie„„ (F)i = Fe^^^{Y)jd-' Fe^^0...0f,^^{Y)i , 

for each i — 1 . . .e, where Fcr(Y)i denotes the z-th component. 

Remark 5.5. One can also define X-controUed rough paths for a geometric X on r*^^(M'^). These 
are similarly defined as paths Y : [0, T] — > T*^^^'(M'^) satisfying the consistency condition 

for every tensor v and where \R]if \ < C\t — fhe new recurrence condition ( |5.10| l is then 

simply the analogue of the branched rough path recurrence ( |3.12| l in a geometric controlled rough 
path setting. In paricular, one could also read Proposition 5.3 as: The geometric controlled rough path 
Y : [0, T] -> r^(M'') is a controlled rough path solution to §^ with (1, Y) = F if and only if Y 
satisfies ( |5.9| l where the coefficients (cr, Yt) — Fo^(Yt) are determined by the recurrence ( |5.10| l with 
= fi- However, since we can already define geometric rough paths as a special class of branched 
rough paths, we see no need for this extra definition. 



Remark 5.6. Naturally, we can apply Proposition 5.3 to any geometric (branched) rough path X 
above a path X, where X takes values in an arbitrary vector space V. Fo r inst ance, in the next 
subsection we will have X taking values in Bn, as constructed in Theorem - 
condition i5.9i looks like 



4.11 



In this case, the 



where Un,n is defined by ( |5.3| l and where F„ satisfy 



for all Ti ® • • • (g) T„ e Un 



N- 
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Before proving the proposition, we need the following lemma, which highlights a useful property 
of the functions fr- This lemma will be used in both this chapter and the next. As usual, we will use 
the notation fh = {h, l)Id + ^^{h, r)/,- for any h E H* . 

Lemma 5.7. We have that 

D'^fh ■ (fXi, ■ • ■ , /a,) = f(Xi...\„)*h , 

for any Ai, . . . , G T* and any h G %* . 



Remark 5.8. In this article we only ever require Lemma 5.7 in the case q — 1. However, we 



include the general statement as it highlights a striking algebraic feature of the coefficients //, . In 
particular, the algebraic structure of the rough path X is twinned with another algebraic structure on 
the coefficients of the solution. 



Proof of Proposition 5.3 We will first prove the 'only if statement. From Proposition ( |3.10[ ), we 
know that the controlled rough path solution Y to (|5.8|l with (1, Y) —Y satisfies 



6Y,t - J2 friYs){Xst,T) 



-reTjv 

where \rst \ = o{\t — s\) and has coefficients (t, Yj) = friYt). Since X is geometric, we also know 
that 

SYst^ ^ f4,'^(a){Ys){Xst,i-cr) +rst ■ 

Therefore, since f,p*{ei) = f»i — fi, it suffices to check that fcf,*(cr)(Ys) satisfies ( |5.10| l for each tensor 
a G Un_i. Firstly, from Lemma 4.8 we know that ((j)g (§) (j>g)A = A4>g- Using the dual of this 
expression, we obtain 

'/>g(CTl ® (72) = 0g((Tl) ★ (/'*(cr2) , 

for any cti, (72 G T^^\M.'^). In particular. 



evj ■ 



Combining this with Lemma [5^ we obtain 



= /0;(e«i) ■ -O/0;(ei.2«'---«'e„„) ■ 

This proves the claimed recurrence. For the 'if statement, suppose Y satisfies ( 5.9| l, with coefficients 
Fa satisfying the recurrence ( 5.10[ ). Let be the coefficients defined by ( |3.12 1 with — fi. Since 
both Fcr and /^^(ct) satisfy ( |5.10| l, with Fg^ = /</,j(ei) we must have — fij,'(cr) for all a G Un,i- 
Then, using the same calculation as above, we have that 



= dYst- FJY,){Xst, ia) = 



rst 



It follows from Proposition 3.10 that Y is the controlled rough path solution to ( |5.8| l. Hence, upon 
proving Lemma 5.7 this completes the proof. □ 
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Proof of Lemma 5.7 First note that if ft, is a non-trivial product then certainly (Ai . . . \q)-kh is a linear 
combination of non-trivial products. Hence, we can restrict our attention to those h E H* that are 
linear combinations of elements in T* , since . . .t„ =0 all non-trivial products ti . . . r„ e J^* \ T* . 
Moreover, since f^-i i-t„ — fri + ■ ■ ■ + jr^, the claim will follow from 

D'^fr '■ (/Ai, • ■ • ,/a,) = f(\i...X„)*T , 

forallAi,...,A„T e T* . 

We will prove the claim by induction. The claim clearly holds for t — Ui and any Ai , . . . , A^ G T* , 
since this is simply the recurrence p.l2| i. Suppose the claim holds for t £ 7^* and all Ai, . . . , A^ € 
T* we will prove the claim for r e Xn+i and all Ai, . . . , Ag G T* ■ Without loss of generality, let 
r = [ri . . . Tn]i for Tj e Tm- Firstly, by the recurrence ( |3.12[ ), we have that 



^V[n...r„]. : (/ai , . . . , /a,) - (^i^'V. : (/n ■ • • frjj : (/a,, • ■ ■ , /a,) • 
If we apply the Leibniz formula then the above equals 

E ( )i?^'+'7. : f/A,,...,/A„<,. ..,<") , (5.11) 



p,pi,...,p„ 



where p ) ~ p'-pJ p ! where we sum over all partitions p + Pi + ■ ■ ■ + Pn — q and where 

using the notation 

(Ai, . . . , Xq) = (Ai, . . . , Ap, a}, . . . , Ap^ , . . . , A", . . . , \p ) . 
Since G Tm, it follows by the induction hypothesis that u^' — /(a» ...a* )*Ti- Hence, (jSTTJ equals 

E (((A}...Ai^)*ri,Ai)...((A?...A;\)*r„,A„)^ 

f ) xi?f+"/, : fA,,...,/;,^,/^,^,...,/^ 

\P,Pl,...,PnJ V P Ai A 

51 (((A} . . . A^^) * n, Ai) . . . ((A^' ...\;,)* T„, A„)^ 



Ai,...,A 



Ai,...,A„ 



PiPl, ■■■,Pn 



/[Ai...ApAi...A„], ' (5-12) 



where we sum over all partitions p + Pi + ■ ■ ■ + Pn = q and all A^ G T- On the other hand, we have 
that 

/(Ai...A,)*[ri...T„]i = ^((Ai . . . A,)* [ti . . .T„]i,cr)/CT . (5.13) 

By eliminating those terms that will vanish, this equals 

5Z . ^ y ((Al ■ ■ ■ Ag) (8)[Ti . . . T„]i, A[pi . . . Pn+p]»)/[pi...p„+p]. , 
Pl,...,p„+p ^ ■ 



Conversion formula 



43 



where we sum over all pi £ Tn and the factor ^^^^^i appears due to the fact that [pi . . . Pn+ph is 
identical for different arrangements of the pi. By definition, we have that 

N 

^((Ai . . . Xq)(S)[Ti . ..Tn]i,A[pi . . . pn+p]i) 
p=0 

— \Ai...Aq,Pj • ■ ■ P„+pATi . . . T„, ...p^j^p). 

Now, each of these terms will vanish unless pf^ — 1 for exactly p factors in p^^'' . . . p^^+p- Moreover, 



since we are summing over all pi, the expression must be symmetric in the pi. In particular, we can 
assume that p^^ = 1 for 1 < i < p, provided we include the combinatorial factor ("p^) ■ Of co 

this implies p*^^ ^ pf^ = pi ^ 1 for 1 < i < p. Hence, ( |5.13[ ) equals 

El \ (1) (1) \/ (2) (2) \ _r 

(^n+p)l \ p ) ^-^1 ■ ■ • -^9' ^1 • ■ • PpPp+1 ■ ■ ■ Pp+n){Tl ■■■Tn-, ■ • ■ Pp+n) /[pi ...p 



+p] 



pi,...,p„+p 

By the symmetry of the expression, we can also simplify this to 



^ (n + p)! (" p ^) ■ ■ ■ ■ ■ ■ ^^^P+i ■ ■ ■ (^1' ^P+i) • • • (^"' Pp+n)/[Pi...P„+p] 

El /\ \ (1) (1) \/ (2) \ / (2) \ J- 

— . . . Aq, p\ . . . PpPp+i • ■ • Pp+TiAn, Pp+l/ • • ■ \Tn, Pp+„//[pi...p„+p] ■ 



pi,...,p„+p 



V 

Pl,---,Pn + p 



Repeating the same idea on the other factors, this equals 

-j y\ (Ai . . . Ap,pi . . . pp)(Ap+i . . . A,,pp|;^ . . . Pp+„)(Ti,Pp+i) ■ • ■ (t„, Pp+„)/[pi.. 

^ f • • ■ (•^P'Pp)(Vl • • -^'Pp+l • • ■Pp+n)(n.Pp+l> • • • (T«,Pp+„>/[pi...p„+p] 



Pn+p) 



Pl,...,P„+p 



Let Pi H Vpn ^ q-phe some partition and let (Ap+i, . . . , A,) = (A}, . . . , Ap^ , . . . , A", . . . , Ap^). 

Then it also follows from the symmetry of the expression that the above equals 

E f'^)f "^"^ )(Ai,pi)...(Ap,pp)(A}...Ai^,p«i)...(Ar...A^„,p^i>„) 

Pl,...,P„+P VPl: 

X (n, Ppii) • ■ • (^«, Pp+„)/[pi...p„+p] 

{ ^ )((A},...,A^J*ri,pp+i)...((A^...,A;'J*r„,pp+„) 

\PiPli ■ ■ ■ iPnJ 



Pp+i,...,p„+p 



X /[A l...ApPp + i...pp-}-„] 5 



where we sum over all partitions p + pi + ■ ■ ■ + Pn ^ <!■ We see that ( |5.13[ ) equals ( |5.12[ ), which 
proves the induction. □ 
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5.9 Ito-Stratonovich correction 

We can now state and prove the generahsed correction formula. In the following, let f{Y) ■ dX — 
Tlii^i Ii(^)dX^ for smooth vector fields /j : — >■ M"^. As usual, let be defined by the recurrence 
( |Il2] l with /.^ = f, and fh = {h, l)Id + ErerC*' '^)fr any h e H* . Finally, let X,X be as in 
Theorem l4.11l 

Theorem 5.10. Let Y with (1, Y) — Y be the controlled rough path solution to the RDE 

dYt = f(Yt) ■ dXt , (5.14) 

driven by a branched rough path X over X. Then Y also solves the RDE 

dYt ^ f(Yt) ■ dXt , (5.15) 

driven by X, where f(Y) ■ dX = Erer« Ir{Y)dX''. 

Proof. As in \5.2\ , we have that 

^ /,(!;) (X,t,T) = UHa)(Ys){%U<j) ■ 



Therefore, as stated in Remark 5.6 if we can show that the coefficients ftp* (a) satisfy 

/0*(T1«1---«1T„) — /0*(Tl) ■ ^/l/'*(T-2»---«'-r„) , 

for all Ti (8) • • • (g) T„ G /7jv at then Proposition |5 . 3 [ implies that Y also solves the RDE 

dYt = U'(r)(Yt)dX; , (5.16) 

driven by the geometric rough path X. From the definition of tp found in ( |4.12| l, one can easily check 
that iP*(t) = T, s o that ( |5.15| l and ( |5.16| l are indeed the same RDE. 

From Lemma 4. 10 we know that (?/) (g tp)A = Atp, the dual of this statement imphes that 

V'*(Ti ® • • • (g) T„) = * V'*(T2 (g • • • «) T„) 

= Y (V'(c^l),n)(cri*-0*(T2g)---g)T„)) . 
ctiGTn 



In light of this, the theorem follows almost immediately from Lemma 5.7 where we take Ai . . . Aq = 
(Ti and /i = (72 * • • • * Cji . We have that 

fip*(Ti0--0T„) — ^ (V'(o'l)j '''l)/o-i*V'*(-r2«i--'8iT„) 
o-iSTjv 

cieTjv 

= flp*(Ti) ■ D f^*(r2®---®Tr^) ■ 

This proves the recurrence ( |5.10[ ) and hence completes the proof. □ 
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Remark 5.11. As with the geometric rough path X, there is some redundancy in the extended vector 
field /. In fact, it is in general possible to choose another geometric rough path X, such that Y also 
solves an RDE driven by X that features fewer vector fields. For example, if 1/3 < 7 < 1/2, we have 
that 

5Yst - UYs){%u • •) + //(n)9"/,(n)(X,t, • . . .) 
+ /;(n)9"/.ra(X,t,I^) +rst , 

for \rst\ = o{\t — s\). Let us now define (X, • i) — (X, • ;) and 

(X, . i (g) . .) = (X, • 3 (g) • = + I i - I }) . 

for alH, j = 1, . . . ,d, and finally, we set 

(X,.,.)^(X,If+I}) 

for all i < j. Since we have only changed the higher order components of X by adding an anti- 
symmetric 27-Holder path, X remains geometric. Moreover, we see that 

SYst = MY,){X,t,» .) + /;(n)a"/,(K,)(X,t, . 

+ ^{fnYs)d''fk(Ys) + f^(Ys)d"fi(Ys)){X,t,»>^') + Tst . 

Hence, Y solves the RDE 

dYt = MYt)dXl + l{ft{Yt)d"fkiYt) + f^(Yt)d"MYt))dX''' , 

where we only sum over k < I. This is clearly a simpler RDE than the one obtained in Theorem 
( |5.10| l, since we sum over a smaller index set than 72- It is also more reminiscent of the usual 
Ito-Stratonovich correction. 

To put this another way, suppose X is a Brownian motion, or indeed any path for which there is 
a canonical geometric rough path lying above it IFVlOallFVlO bl; in the case of Brownian motion, 
this corresponds to constructing Stratonovich integrals. If the extension X were constructed using 
this canonical geometric rough path above X, then we would recover the classical Ito-Stratonovich 
correction. In particular, the antisymmetric part |(Xst, would vanish and the symmetric 

part i (Xst , I i + I j) would be the quadratic variation. 

The simplification is quite easy in the case N ^ 2, but the procedure becomes much more 
complicated for larger N, and we can see no natural method of generalising this simplification for 
larger N. 
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